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1 q-exponential family

The density (Eq. (18) of Naudt (2007)) is defined as

fθ(x) = c(x) expq(−α(θ)− θH(x)),

where c, α and H are known functions. Furthermore, expq is the q-deformed exponential function
defined as

expq(z) = [1 + (1− q)z]
1/(1−q)
+ for z ∈ R, q ̸= 1,

where [z]+ = max(z, 0). expq is construct as the inverse of the q-deformed logarithm defined as

logq(z) =
z1−q − 1

1− q
for z ∈ R, q ̸= 1.

In particular, ∀z ∈ R, expq(logq(z)) = z and ∀z ̸= 0, logq(expq(z)) = z. Special case: for q → 1,
expq → exp and we get the exponential family.

Let us find the domain where 1 + (1− q)z > 0:

• If q > 1, i.e. 1− q < 0 then

1 + (1− q)z > 0 ⇔ 1 > −(1− q)z ⇔ −1

1− q
> z

• If q < 1, i.e. 1− q > 0 then

1 + (1− q)z > 0 ⇔ 1 > −(1− q)z ⇔ 1

1− q
< z
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2 q-Gaussian

Using

c(x) = 1/cq, cq =

√
π

1− q

Γ(1 + 1/(1− q))

Γ(3/2 + 1/(1− q))
, H(x) = x2, α(θ) =

θ
q−1
3−q − 1

q − 1
, θ = σq−3,

we have α(σ) = σq−1−1
q−1 = log2−q(σ). We get

fσ(x) =
1

cq
expq(− log2−q(σ)− x2σq−3) =

1

cq
expq(−

σ−1+q − 1

−1 + q
− x2σq−3)

=
1

cq
expq(

(1/σ)1−q − 1

1− q
− x2σq−3) =

1

cq

[
1 + (1− q)

(1/σ)1−q − 1

1− q
− (1− q)x2σq−3

]1/(1−q)

+

=
1

cq

[
(1/σ)1−q − (1− q)x2σq−3

]1/(1−q)

+
=

1

cqσ

[
1− (1− q)σ1−qx2σq−3

]1/(1−q)

+

=
1

cqσ

[
1− (1− q)x2/σ2

]1/(1−q)

+
=

1

cqσ
expq(−x2/σ2)

This is different from Section 6 of Naudt (2007) where there is a typo.

3 q-Exponential

Using

c(x) = 1/cq, cq =
√
κ, H(x) = x, α(θ) =

θ
q−1
3−q − 1

q − 1
, θ = κ

q−3
2 ,

we get

fκ(x) =
1

κ
expq(−x/κ) =

1

κ

(
1− (1− q)

x

κ

)1/(1−q)

+
.

There exists another parametrization{
α+ 1 = −1/(1− q)
σ = ακ

⇔
{

σ = ακ
−1/(α+ 1) = 1− q

⇔
{

κ = σ/α
q = 1 + 1/(α+ 1)

Using the parametrization (α, σ), we get the following density and distribution function

f(x) =
α

σ

(
1 +

x

σ

)−α−1

+
, F (x) = 1−

(
1 +

x

σ

)−α

+
.
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