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1 OO6mue cBegeHusa

1.1 Pab6ounit dpopmar JIII-zagaun

B paccMmarpuBaemMoii peaMzalu UCIOJIL3YeTCs TakK HasblBaeMbIil pabouuli hopmam 3a1a49u JuHei-
Horo nporpamvuposanus (JIIT-3amaqan):

z=clz 4 ¢y — min (1.1)
Az =b (1.2)
I<z<u (1.3)

rje © = () — BEKTOD IIEPEMEHHBIX, z — meJsieBast GbyHKIWsA, ¢ = (¢;) — BeKTOp K0ahUImeHTon
1es1eBoil (bYyHKIMU, ¢) — IOCTOSIHHBIN diieH 1eseBoii dyuknun, A = (a;;) — mMarpuna koabduu-
eHTOB orpanuyenuii, b = (b;) — BeKTOp npaBbIxX Yacreii orpanndenuii, | = (Ix) — BEKTOp HUKHHUX
IPAHUI] [IePEMEeHHbBIX, U = (U}) — BEKTOP BEPXHHUX I'DAHMUI] [I€PEMEHHbIX.

Ecnn Hmknss (Bepxmsisi) rpaHHIla IIEPEMEHHON Tf OTCYTCTBYeET, TO (DOPMATBLHO CIUTACTCS, UTO
lp = —00 (up = +00). Ilepemennasi, y KOTOpOii OTCYTCTBYIOT 00€ IPAHUIIbI, HA3BIBAETCS C60600H0T
(Heozparuvennoli) nepemenrot. Ecmu [ = ug, TO HepeMeHHasi Ty CUUTAETCsT PuKcuUposaHHol.

B jmanbreiiem mpeamosaraeTcs, 9TO YHCJIO MEPEMEHHBIX PABHO 7, a YHCIO OrpaHMYeHUH-pa-
BeHCTB (1.2) paBHO M, mosTOMY Marpuiia A UMeeT m CTPOK U N CTOJIONOB. TakKe IIpeJIioIaraeTcs,
9YTO 9Ta MATPUIA UMeeT HOJIHBI cTpounbiii panr rank(A) = m, 7. e. aro Bce crpokun A juHERHO
HE3aBUCHUMBI, OTKY/Ia, B Y4CTHOCTH, CJIEJIyeT, I9TO M < n.

1.2 BasucHble pelieHus:

[Tpu pemenun JII1-3a/1a41 cUMILTIEKC-METOIOM CPEJIM BCEBO3MOXKHBIX JIOIIYCTUMBIX PEIIeHUid, T. €. TO-
Y€K, yJIOBJIETBOPSIONINX BCEM OIPAHHYIEHUIM, OCOOYIO POJIb UT'PAIOT TAK Ha3bIBaEMbIE OA3UCHDIE Pe-
wenus. Teomerpudeckn JomycTuMblie 6a3UCHbBIE PENIEHUs] COOTBETCTBYIOT BepIiuHaM (KpaitHuM Toq-
KaM) BBIIIYKJIOTO MHOTOIDAHHOI'O MHOKeCTBa! j1o1mycTuMbrx Todex JIII-3a1a4m, I/1e Kask/[as1 BepPIITHA,
olpe/JiesisieTcsl KaK TOYKa MepecevdeHus Irpaneiil (MUIepIiocKocTeil), COOTBETCTBYIOIIUX AKTHBHBIM

JIMHENHO HE3aBUCUMBIM OI'PaHUYICHUAM.

Tax kax st JIII-3amaan (1.1)—(1.3) npenmosaraercs;, aro Bce orpanmdennst (1.2) mamHeitHo
He3aBUCHMBI (MaTpuiia A MMeer IOJHBIA CTPOUHBIA PaHT), TO, SIBJSISICH PABEHCTBAMHU, BCE STH
orpaHMYeHus OyJyT aKTHBHBI B J11000M GasmcHoM perrennn. CiieoBaTeIbHO, JJIsi OHO3HATHOIO
oupejiesieHnst OA3MCHOTO PEIICHNsT KaK TOYKN B M-MEPHOM IIPOCTPAHCTBE HEPEMEHHBIX T = (Tf) K
m orpaHnveHusiM-pasercTBaM (1.2) HEOOX0MMO 106ABUTH €lle N — M aKTUBHBIX OrPAHUYEHUl u3
qHCsIa TpaHuIy mepeMeHHbx (1.3).

HepeMEHHbIe, I'PaHUIIbI KOTOPBIX ABJIAIOTCA aKTUBHBIMU OI'DaHUYCHUsSIMU B 0a3uCHOM pernlenuun,
Ha3BIBAIOTCS HeOa3UCHbIM (Hesaeucu,/wumu) nepemeHHvMU. Ocranbable IIepeMeHHbIe C HeaKTUB-
HBIMUA T'PaHUIIaMMU Ha3bIBAIOTCA b6a3uUCHBLMU (SGBUCUMbLMU) NeEPEMEHHBIMU. HOCKOJIbe HIM2KHAA 1

3

BEPXHss T'PAHUAILI HEOA3UCHON EePEMEHHON He MOI'yT ObITh aKTHBHBI OJHOBPEMEHHO,” TO B JIIOOOM

0a3UCHOM pemennn Bcerjia 6yﬂ6T n — m HeOA3UCHBIX U M DA3UCHBIX IIEepEMEHHDbIX.

'Ecii 9T0 MHOKECTBO OTPAHMYEHO, TO OHO HPEICTABISCT COBOM BBIMTYK/IbIH MHOTOTPAHHIK.

2B pamnoM ciydae 6ojee IPaBUILHBIM GbLIO GBI HA3LIBATDH ITH OIPAHHYECHUS CEA3UEAIOULUMU.

3Cnyuait (PUKCHPOBAHHON MEPEMEHHOM, T. €. KOTja lp = U, MOMKHO PACCMATPHBATH KAK IIPEIEIbHBIA Cirydait
JBYCTOpOHHEro orpanndenus ly — € < x, < ug + € npu € — 0.



Taxmm obpasom, bazucnoe pemtenue JIII-3amaun (1.1)—(1.3) ogHO3HAYTHO OIpe/IEIEHO, €C/IN YKa-
3aHO, KaKie [IePeMEHHbIe SIBJISIIOTCs Ga3UCHBIME, & KaKue HeOGA3MCHBIMU, U sl KayK 10 Heba3nCHOI
[EPEMEHHO, nMerolell 0obe (HIZKHIOI M BEPXHIOI) IDAHMUIIbI, TaKXKe YKa3aHO KaKas MMEHHO W3
9TUX I'PaHuI] akTuBHA. [Ipu 9T10M Tpebyercst, 9ToObl BCe N aKTUBHBIX ONDAHUYEHNI ObLIN JTMHEHHO
HE3aBUCHMBIMIL.

[Tepeiijiem k asredbpandeckoMy ONMUCAHUIO Oa3ucHbIX pernenuii. [lycrs

Hx:(xB>,Hc:<cB>,Hl:<lB),Hu:<u3>, (1.4)
TN CN In unN

rie II — mojxossmast nepecraHoBouHasi Marpuna, rp = [(£p)i] — BEKTOp Ga3UCHBIX II€PEMEHHBIX,
zn = [(xn);j] — BekTOp HebGa3UCHBIX IIepeMeHHbIX, ¢g = [(cB);] U ¢y = [(cn);] — BekTOpPBHI KO3 DU-
1menToB 1enesoit dyuknun, Ip = [(Ip);] u In = [(In);] — BekTOPBI HIZKHEX rpanull, up = [(uR);] n
un = [(un);j] — BEKTODBI BEPXHHUX IPAHUI], COOTBETCTBEHHO, OA3MCHBIX I HEOA3UCHBIX [IEPEMEHHBIX.
Cootrrorenne (1.4) 1103BoJISIET IPEJCTABUTH OMpaHUYeHUs-paBeHCcTBa (1.2) B cie/yrommeM SKBUBa-
JIEHTHOM BUJI€:

Az =b « (B;N)<§B>_b & Bap+ Nay =b, (1.5)
N
rae
(B|N) = A", (1.6)

3aecs B — KkBajpaTHas MATPHIA MOPIKa M, HasblBaeMas 0a3uchol mampuyel (ATl IpocTo ba-
3ucom). DTa MATPUIA COCTABJIEHA U3 CTOJIONOB UCXOAHON MaTPUILI KOI(DMOUINEHTOB OrpaHuIeHui
A, cooTBeTcTByOIUX 06a3MCHBIM MepeMeHHbIM. Marpura N uMeer m CTPOK W 1 — 1M, CTOJIOIOB,
KOTOPLIMHU SBJIAIOTCH CTOJIONLI A, COOTBETCTBYIOIINE HEOA3UCHBIM II€PEMEHHDBIM.

ITycts f = (fj) — BeKTOp aKTUBHBIX I'DaHUIl HeOA3UCHBIX mepeMeHHbIX, e f; = (Iy); mm
fj = (un);. Torma 6asucHoe pelleHne ONpeEIsAeTCs CIIeLyIONIeil CUCTeMON n ypaBHEHNIT, COCTaB-
JIEHHOIT M3 m aKTUBHBIX orpanuvenuii-paseHcts (1.2) B dopme (1.5) u n — m aKTUBHBIX I'DaHUI
HEOA3UCHBIX MEPEMEHHBIX:

{ Brxp+ Nxn b (1.7)

ey = f
Tak Kak BCe aKTUBHBIE OIPAHUYEHUs] IIPEIIOIATAI0TCs JIMHEHHO HE3aBUCUMBIME, TO MATPHUIIA CUCTE-
Mbl (1.7) HEBBIPOXK/IEHHAsI, OTKY/Ia CJIe/yeT, 94To Oa3ucHasi MaTpuria B TakKe HEBBIPOXKIEHHAs. DTO
[O3BOJISIET Pa3PeNINTh CucTeMy orpanndenuii-pasencts (1.2) B popme (1.5) orHocuTebHO 6A3UCHBIX
IIePEMEHHBIX, YTOOBI SIBHO BBIPA3UTH UX Uepe3 HeDA3UCHBIC ITepeMEHHBIE:

rp=—-B 'Nay+B b & rp =ZxN + g, (1.8)

rae
Z=-B7IN, (1.9)
g=DB""b (1.10)

Baecs = = (&) — m x (n — m)-Marpuiia, Ha3bIBaeMast CuUMNAEKC-Mabauyet, g = (g;) — Mm-BeKTOP,
HA3BIBAEMBIIl NPe0OPA306AHHILM GEKMOPOM NPAGHIT 4acmel 02PpaHuverul.

Oupegenenust (1.9) u (1.10) ¢ yaerom coorHomenus (1.4) m03BOJISIIOT 3anucaTh 6a3UCHOE perre-
HI€ Kak perenne cucreMsl (1.7):

a::HT<§§>:HT<§>, (1.11)



rae
B=(Bi)=—-B Nf+B b=2f+g (1.12)

€CTh M-BEeKTOP 3HAYEHUI DA3MCHBIX ITEPEMEHHBIX B OA3MCHOM PEITeHWH.

ITpumeuarue. MoxKeT CIyIuThCs, 9TO HEGA3UCHON MEPEMEHHOI ABJISETCA CBOOOIHASA MEPEMEH-
nas? (zy); = Tk, y KOTOPOIt OTCYTCTBYIOT 06€ HUZKHsIsl I BepXHsist IpaHutibl (I = —00 1 u = +00).
Torma MBI MOXKeM (POPMATBHO PACCMATPUBATD TAKylO MEPEMEHHYIO KaK CyMMY JBYX MEPEMEHHBIX
x = x) 4}, rae . > 0 (meorpunaresshas nepemennast), £ < 0 (HeLIOJOKHUTeIbHAS IIEPEMEHHAST).
Ilepemennbie x) u ) He MOTYT OBITH GA3MCHBIME OJHOBDEMEHHO, TaK KaK B IIPOTHBHOM CiIydae B
6asucHoil Marpuine B 6bum Obl 1Ba OAMHAKOBBIX, 8 3HAYHT, IMHEIHO 3aBUCUMBIX cToJI6HA. IloaToMy,
ecim Ty sIBJIsleTcsi OA3UCHOI M ee TeKyllee 3HAUEHHEe HEOTPUIATEIHHO (HENOJI0KUTEIbHO), TO 9TO
9KBUBAJIEHTHO TOMY, YTO OA3UCHO}I ABJIAETCS HePeMeHHast L), (COOTBETCTBEHHO, T} ), & lepeMeHHast
m’k{ (cooTBETCTBEHHO, xﬁc) sABJIsIeTCs HEOA3KMCHON U II03TOMY HAXOJMUTCH HA CBOEiH aKTHBHOI HYJIEBOI
rpanute. Crie10BaTeIbHO, €CIN Ty ABISETCA HeGA3UCHOI, TO 9TO SKBUBAJEHTHO TOMY, UTO 00€ Iepe-
MEHHBIE T}, U x) HeGasucHble, a 3HaYUT, (POPMAIBLHO MOKHO CUHTATDL, YTO B 9TOM C/Iydae 3HAYEHHE
nepeMeHHoil (2x); = X B GA3MCHOM PEIIEHNH PABHO HYJIIO, KaK €CIi Obl 9Ta IIepeMeHHas HMeJa
AKTUBHYIO HYJIEBYIO TDAHUILY.

Basucnoe perrerne sBisiercst MOMYyCTUMBIM, €CJIM 3HAYEHUS BCEX MEPEMEHHDLIX YIOBJIETBOPSIOT
Bcem orpanmdenusim JIII-3amaun. Tak kak coorHomenune (1.8) SKBUBAJIEHTHO HMCXOJHON CHCTEME
orpannvenuii-paseHcTs (1.2), To 060€e GA3MCHOE pENIeHne MO ONPEIEJICHUIO YI0BIETBOPSIET ITUM
orpannveHusM. Kpome Toro, 3nadenusi HeDA3UCHBIX MEPEMEHHBIX B JIFOOOM OA3MCHOM DeIIeHUun
COBIIAQJIAIOT C UX I'DAHUIAME, [109TOMY HapyiieHue rpasul] (1.3) BO3MOMKHO TOJIBKO JiIsi Oasmc-
HBIX nepeMenHbX. CrefoBaTenbho, 6asucHoe pernenue (1.11) siByisiercst JOIMYCTUMBIM TOJBKO €CJIN
Ip < B < up, T. e. eciu 3HAYEHUs] BCEX DA3UCHBIX NEPEMEHHBIX HAXOJSITCS BHYTPH MX T'DAHUIL.

Besikoe neponycruMoe 6a3muCHOE pellieHre XapaKTepU3yeTcsl TeM, 4TO XOTs Obl oJjiHa OasucHas
IlepeMeHHas B 3TOM PeIeHnr HapyIlaeT CBOIO HUXKHIOIO WM BEPXHIOIO rpaHulry. ['eomerpudeckm
HEJIOICTUMble OA3KMCHBIE PEIleHHs] TaKzKe MPEJICTABIIAT coDO TOUKM IepecedeHust rpaHeil (ru-
[EePIIOCKOCTET ), COOTBETCTBYIONINX AKTHBHBIM JIMHEHHO HE3ABUCUMBIM OTDAHUYICHUSIM, OJTHAKO 9TH
TOYKHU JIe2KaT BHE BBIIYKJIOI'O MHOTOTPAHHOI'O MHOYXKECTBA JOMYCTUMBIX pernenuit JII1-3amaqn.

1.3 CumMinjiekc-MeTos

Cumiuiekc-MeTo, — 3TO 4ducjeHubiit meron pertenns JIII-3anat, paszpadoranubiii k. Hanmurom
(G. B. Dantzig) B 1947 r.°

C reoMeTprUUIecKOil TOUKU 3PeHusT 00Ias niest CAMILIEKC-METOa JOCTATOYHO IIPOCTa U 3aKJII0-
qaeTcst B ciaeaytomeM. [IpermosioxkuM, 9To Mbl HaAXOJUMCS B HEKOTOPOI BepIIMHE MHOIOI'PDaHHOIO
MHOYKECTBa JOmyCcTuMbIX perennii JIT1-3amaqn. V3 910it BepmuHbl HCXOIAT pebpa, BELYIIHE B CMENHC-
Hble BePIIUHLBL. Eciin IBuKeHne BI0JIb KaKOTro-aub0o pebpa MPUBOAUT K YLy UIIeHUIO IeaeBoil (pyHK-
I, TO MBI IIEPEXOIUM B COOTBETCTBYIONIYIO CMEXKHYIO BEPINUHY C JIYIIIUM 3HAUEHUEM Ie/IeBOit
GYHKIUHU, [TOCIe 9ero MOBTOPSEM BCe CHAYa Ia J0 TeX 0P, IMOKa 3TO BO3MOXKHO. IT0CKOIBKY duciio
BEPIITNH MHOTOIPAHHOTO MHOXKECTBA ¢ KOHEUHBIM YHCJIOM TI'paHeil KOHEYHO, TO IIOCJIE BBITIOJTHEHMS

koHeunoro® Yuc/Ia MAaros MbI IPHJIEM B BEPIIMHY, U3 KOTOPOI MEPeXOoJl B CMEKHYIO BEPIIUHY C JIyd-

“Taxyio nepeMeniyio 60/1ee TPABUILHO GBLTIO ObI HA3BIBATD CYNEPOasucHot TIo AHAJOIUH C CyTePOA3HCHLIME TIepe-
MEHHBIMHU B 33/1a49aX C HEJIMHEWHON I1e/1eBoil (DyHKITHE.

BriepBble CHMILIEKC-MeTO, ObL omyGiukoBan B padore [1]. Cum. Taxske [2].

STIpu ycoBuu, 9TO HPUHATLI HEOGXOMUMBIE MEPbI, IPEIOTBPAIIAIONIIE 3AIMKINBANEE, KOTOPOE BO3MOYKHO, €CJII
MMEIOTCsl KpaTHBIE (COBIAIAIONINE) BEPITUHBL.



IIIAM 3HAYEHHEM IIeJIeBO (DYHKIINN HEeBO3MOXKeH. BepmmHa, obja1a0mas yKa3aHHbIM CBONCTBOM,
OyneT onTUMaJbHBIM perennem JIII-3amaqn.

Paccmorpum anrebpanteckoe onmcanne CUMILIEKC-MeTo 1 TpuMennTenbao K JIII-3amae B hop-
mare (1.1)—(1.3).

[Tycrs y Hac umeercst pomycrumoe OGasuchoe perterre (1.11), coorBeTcrBylolee TeKyIeil Bep-
IIIMHE MHOTOIPAHHOTO MHOYKECTBA JIOMYCTUMBIX perneruil. /[Bmkenune Bo/b pedbpa 1o HaIpaB/IeHUIO
K CMEYKHOII BepPIIUHE XapaKTePU3yeTcss TeM, 9TO KAKOe-JIn00 OJHO AKTUBHOE OIPAHUYEHUE TIEPECTaeT
OBITh AKTUBHLIM, B TO BPEMsl KaK OCTAJIbHbIE aKTUBHBbIC OTPAHUYCHUS OCTAIOTCS aKTUBHBIME. Tak
KaK orpanndeHusi-papeHcTBa (1.2) akTUBHBI B J1I060M Ga3UCHBIM PEIEHIH, TO YKA3aHHBIM OMDaHUYe-
HIEM MOXKeT ObITh TOJIBKO orpanndenue Bujia (1.3), T. e. akTuBHAs TpaHUIa Kakoii-mbo Heba3ncHoil
nepeMenHoii (2 ) ;. Takum 06pa3oM, [BHKEHIE BJOJIb pebpa 03HAYAET, ITO COOTBETCTBYIOIIAST TOMY
pebpy HebazucHast mepeMeHHast HAYMHAET U3MEHSITHCS B JIOIYCTUMOM HAIIPABJICHUU: yBEJIMINBATH-
Ccs1, ecJi AKTUBHOM ObLTa ee HUXKHsAsI TPAHUIA, U yMEHBIIATHCS, €CJIU aKTUBHON ObLia ee BEPXHss
TpaHUIA.

IIpeamonoxkum, 910 HeOGA3UCHAST MIepEMEHHAsT (X ); U3MEHSIETCSsl B JIOIIyCTHMOM HAIIPABJICHHUN.
B coorBercrBum ¢ (1.8) 3TO mpuBeseT K M3MEHEHHIO OA3UCHBIX MEPEMEHHBIX, & TaKyKe IeJIeBOil
dbyuknun. Yrobsl oneHUTh CyMMapHOe u3MeHeHue 1eseBoi dyukuuu (1.1), obyciosieHoe usme-
HeHMeM KaK Heba3uCHO, TaK 1 DA3MCHBIX IepPEeMEHHbBIX, 3aIUIleM ee B CJIEIYIONMEM BUIE, UCIOIb3Ys
coorHorenne (1.4):

T
2=z + ¢y = (CB> (mB) +co:cg$3+c%x1v+co, (1.13)
CN TN

nocyie gero nozactasuM B (1.13) Boipazkenne jyist xp u3 (1.8). B pesynbrare mostyamM:

z=cL(-B 'Nzy + B71b) + chay +¢o =

= (& —cEB!N)zy + cEB7 b+ ¢p =

(1.14)
= (CN — NTBfTCB)TxN + (BfTCB)Tb “+cog =
= dTJ}N + d(],
rie
dZCN—I—ETCB:CN—NTﬂ', (1.15)
=B Tep, (1.16)
do :7TTb+Co. (1.17)

S,ZLGCB d = (d]) — BEKTOp TaK Ha3bIBA€MbIX OMMHOCUIMEADHDIT OUEHOK Heba3uUCHHLT nep@,/\/LeHH’bLI’77

IJie OTHOCUTEJIbHAs OIEHKa dj IOKa3bIBaeT CyMMapHOe (T. . IPsIMOe U KOCBEHHOE depe3 Oa3uCHbIE
HIepeMeHHbIe) BIIHAHNE HeOA3MCHOI IepeMeHHOH (2 ); Ha IeseByio (yHKIHIO IPU yCJIOBHU, ITO
ocTajibHble HEOA3UCHDIE IEPEMEHHbBIE He U3MEHSIOTCs. BeKTop T = (7;) — 9TO BEKTOP TaK Ha3blBae-
MBIX 0UEHOK Npasvir wacmeti oeparudenut (AT CUMNAEKCHHIT MHodcumenet),® Te oTleHKa TpaBoil
YaCTHU T; TOKA3bIBAET BJIUSHUE U3MEHEHUs IIPABOil 9aCcTH ¢-I'0 OrpaHUYIeHust b; Ha 11eJIeBYI0 (DyHKITHIO.
CkasisipHas BesmanHa dy €CTh IOCTOSIHHBIN “JleH 11peobpa3oBanHoill 1eseBoii dbyukuu (1.14).

"KOMIIOHEHTBI BEKTOPa d CyTh 3HAYEHHsI MHOXKHUTe e JIarparska, 11 aKTHBHBIX TPAHUI] HeGAZHCHEIX TePEMEHHBIX.
8 KOMIIOHEHTEI BEKTOPA T CyTh 3HAUCHHS MHOXKHUTEIeH Jlarpamska, A1 OrpaHUTIeHHi-PABEHCTB (1.2).



B ciyvae MuanmMmuzarun aBukeHne BIOJIb BHIOPAHHOTO pebpa JTOKHO MPUBOJUTD K yMEHbIIe-
uuio 1esieBoit pyuknuu. Tak Kak BEIOOP pedpa COOTBETCTBYET BLIOODY HEOA3UCHON ITepeMeHHO, 3TO
O3HAYAET, 9TO MBI MOYKEM BBIOPATD JIFOOYIO HEDA3UCHYIO IEPEMEHHYIO ¢ aKTUBHON HIKHEH IPaHUIIEH,
OTHOCHUTEe/IbHAas OIeHKa KOTOPO#l OTpHuIiaTe/bHa, Ik JI00YI0 HeOA3UCHYIO IEPEMEHHYIO C AKTUBHO
BepXHeil rpaHulieil, OTHOCUTEIbHAs OLICHKA KOTOPOI II0JIO?KUTE/IbHA, IIOCKOJIbKY U3MEHEeHUe TaKOMI
IIepeMEHHO B JIOIyCTUMOM HAallpaBJIeHUU JacT yMEHbIIeHne IejieBoit (pyHknuu. B ciaydae cBoOo/I-
HOil HeDA3UCHON MepeMEeHHO TOCTATOIHO, YTOOLI €e OTHOCUTEIbHAs OIeHKa ObLiIa HEHYJIEBOM, Tak
KakK CBOOO/IHAsI TIEPEMEHHAST MOXKET U3MEHITHCS B JIIOOOM HalpasjeHun. Eciu mpu 9ToM He HaiigeTcs
HU OJIHOHN MOAXOAdIeil HeOa3uCHOM mepeMeHHo, TO TeKyIiee 6a3MCHOe PelleHre COOTBETCTBYET MU-
HUMYMY TIe7eBOi (DYHKIMU (SBJISIETCS ONTHUMAJBHBIM). 3aMETHM, YTO OOBITHO MMEETCsI HECKOJIBKO
TTOXOMSIIIIX HEOA3UCHBIX IIEPEMEHHBIX, TI09TOMY BO3HUKAET IIPodJieMa BbIOOpa HAambOoJIee OIX0 s
et Heba3nuCHOM mepeMeHHOii.

Jomycrum, uro BeIGpaHa moaxo/sias HebasucHasl mepeMeHHast (T ), U 9Ta [epeMeHHasT Haul-
Ha€T U3MEHATHCA B JOIIYCTUMOM HallPpaBJICHUN (BOSpaCTaTb NJIn y6]:)IBa,Tlr))7 Ipu 3TOM OCTaJIbHbIE
Heba3uCHbIe [IepeMeHHble OCTAIOTCS Ha CBOMX aKTHBHBIX Ipamunax. Torma B coorsercrsum ¢ (1.8)
HAYHYT U3MEHSIThCsI Oa3UCHBbIE [lepeMeHHble Tp. Tak Kak Tekylee 6a3uCHOe PelleHre [pe/oiara-
eTCst JIOIyCTUMBIM, TO B HAUaJILHBIH MOMEHT, Korjia (I ), HAXOIUTCS Ha CBOEH aKTHBHON IpaHUILE,
Bce Oa3ucCHbIe TIepeMeHHbIe OY/IyT HAXOIUThCAd BHYTpHU cBoux rpanuil. [lousTHo, 9TO ecyiu B mporecce
u3MeHeHus (), HEKOTOpasl OasuCHas IepeMeHHast (LR), HEPBOH JOCTUIHET CBOell (HUKHEH Ml
BepxHeit) rpanunel, ubo cama HebazucHasi IepeMeHHast (T ), HepBOil JOCTHIHET CBOEil IPOTHBO-
HOJIOZKHON IPAHMUIIBI, TO 3TO OyJeT 03HAYATH, YTO MbI JOCTHIVIH CMEKHO BEPIINHBL U JajbHeiiee
U3MeHeHue (T ), B TOM K€ HaIIPaBJICHHN HEBO3MOXKHO, TaK KaK 9TO HPUBEIET K HAPYIICHUIO Ipa-
HUIIBI COOTBeTCTByIOH.[eﬁ HepeMeHHOﬁ, a BHAYUT, K BBIXOAY 3a IIpeJae/Ibl JOIIYCTUMOI'O MHOXKECTBA.

Yrobb! HAITH ITEpEMEHHYIO, OIPEIeIsIONIyI0 CMEKHOe OA3MCHOE PEIeHne, TOJOKUM

(xN)q = fq+ 50, (1.18)
rae fq — aKkTHBHAs IpaHHIa HeGA3MCHON IepeMeHHON (Xn)g B TeKylleM Ga3suCHOM PELIeHHH, S =
—sign d, (s = +1, ecrm dy < 0, T e. (zn)4 Bo3pacTaer, uam s = —1, ecim dg > 0, T. e. (zn)q yOBIBa-

er), § > 0 — cKaJISIpHBII ITapaMeTp JIyda, KOTOPbI NCXOAUT U3 TEKyIIell BepIITHHBI U HAIIDABJIEHHe
KOTOPOI'O COBIIAJIAeT ¢ HAIIPABJIEHHEM Pebpa, COOTBETCTBYIOIIEIO IIEPEMEHHON (N )q. 3aMeTuM, 4To
yBeJIMUeHne napaMerpa § HauHHas ¢ HyJIsl COOTBETCTBYET H3MEHEHUIO (TN )y B JIOILyCTHMOM HallpaB-
JIEHNH Ha4uHasi ¢ ee aKTUBHOW rpamumpl f,. ITockosbKy ocrasibible HEOA3HCHBIE HEPEMEHHbIE HE
u3Mensiorcst, To ¢ yaeroM (1.8) u (1.12) ormenbhas GasucHas nepeMentas (rp); Oy1eT 3aBUCETH OT
0 cnemyromum 0O6pa3OM:

(JZB)i =05+ fiqse, (1.19)
rae 3; — 3Hadenue (rp); B TeKylleM Oa3MCHOM DeIIeHHN, £ — SJIEMEHT CHMILIeKC-Taduib! (1.9).
Ouesnano, aro ecin &y < 0, To (xp); yobIBaeT BIOJL Jyda, a ecin &qs > 0, To (xp); Bo3pacraer
BJI0JTb Jiyda. [losromy (xp); mocTurHer cBoeil HuzKHel rpauuiipl (Ip); nian BepxHei rpanuiel (upg);
upu 6 = 6; > 0, rue

l . A.

M, ecin &igs < 0

6; = Sigs (1.20)

un) — B

M, ecin &igs > 0

fiqs
a 3HAYUT, Nepeotl JOCTUIHET CBOEH I'PaHUIbI Ta Oa3uCHasI epeMenHast (), I KOTOPOit
1



Kpome Toro, nebasucnast nepemennasi (ry)y JOCTUIHET CBO€l IPOTHBOIOJIOXAKHON TI'DAHUIBI IPH
0=0y>0,rme
0o = |(In)g — (un)gl- (1.22)

[TosTomy Jiyu ocranercst B gomrycrumoM MHOXKecTBe 1ipu 0 < 0 < Oy, e

Hmin = min(Qp,Go). (123)

Taxum obpaszom, BeauunuHa Oni, TO3BOJSET UACHTU(MUIUPOBATEL IEPEMEHHYIO, KOTOpas IMepBOi
JIOCTHUTaeT CBOE! IPaHMIIBI M TEeM CAMbIM OIPEE/ISeT CMezKHOe O6a3uCHOe perenne: ecin Oy = 0y, T0
9TO Ga3mCHasI IepeMenHast (TR)p, a eci Onin = 0, To 310 HebazucHast nepeMentas (zy)y. Hyxmo
TaK>Ke 3aMETHThb, 4TO BO3MOXKEH cjydail O, = 00, KOTOpbli o3Hadaer, dro JIII-3amaua mmeer
HEOTrPAHWICHHBIN OITUMYM (MHHAMYM), T. €. B 9TOM CJIydae BO3MOYKHO HEOIDAHNIEHHOE YMEHBIIICHIEe
IeJIeBON (PYHKIIMU BJOJIb COOTBETCTBYIOIIENO JIyUa.

Ecin Onin = 6, T0 B cMeKHOM Ga3HCHOM pellleHny Ta (HUZKHSIsl WIH BEPXHsisI) TPAHHIA Iepe-
MeHHOi1 (ZR)p, KOTOpasi MPENSTCTBYET TajbHeilleMy H3MEeHEHUIO (L )g, T. €. KOTOpasi OlLpe/iesIseT
BEJIMIUHY ), CTAHOBUTCS aKTUBHOI, a TEKyIas aKTHBHAs IpaHulla f, HepeMeHHoil (), Ha000-
poT, mepecTaeT ObITh aKTHBHOI. [IpyrumMu cioBamiu, B CMesKHOM Oasuce 1epeMeHHbIe (T)y U (TN )q
MEHSAIOTCsL PoJIAMuU: (L), craHoBUTCs HebasucHON (BbIxomutr u3 6asuca), a (T ), CTAHOBHTCS Oa-
sucHoit (Bxomut B 6asuc). Ecnn ke Omin = 0y, To B cMekHOM Oasuce mepeMeHHasi (L) OCTAETCs
HeOA3KUCHOM, O/JHAKO AKTHBHON CTAHOBUTCS €€ IIPOTHBOIIOJIOXKHAS TDAHUIA. 3Has BEJUIUHY Omin
MOKHO TaKKe OIIPeeUTh BeJUYUNHY IPUPAIICHUS I1€/1€BOM (DYHKIMHU PU IIepPexo/e OT TEKYIIEero
6asnca K CMEXKHOMY:

Az = —|dyfmin| < 0. (1.24)

Bribop 6a3ucHoit iepeMeHHON MOYKET OKa3aThbCs HEOIHO3HAYHBIM, €CJIU HECKOIBKO TIEPEeMEHHBIX
OJITHOBPEMEHHO (T. €. IPU OJIHOM U TOM K€ 3HAYeHUU 6 = Oypiy ) JJOCTUTAIOT CBOUX IPAHMUIL, IIPUIEM T,
HEOJIHO3HAYHOCTH ODBITHO ycyrybiisiercs cutyarueil iy = 0. B mociemnnem ciaydae npu nepexoje
K CME2KHOMY 6&3HCY IeJjeBasd (byHKI_[I/IH HE U3MEHsAETCs, IIO9TOMY, €CJIM HE IIPUHHMATL CllellhaJIb-
HBIX Mep, BO3MOXKHO 3alMKINBaHIEe METOA, KOT/a TPOUCXOIUT BO3BPAT K OJTHOMY W3 MPEILITYIIIX
0a3UCHBIX PEIIEHUN.

B zaksouenne paccMOTpUM NPUHIANMAIBHYIO CXEMY CHMILIEKC-MeTo/na npuMmenuTebuo K JIIT-
sazade (1.1)—(1.3), mosarasi, 9T0 3aJlaHO HEKOTOPOE HAdaIbHOE JIOIYCTUMOE OAa3MCHOE pelleHne
(yKaBaHO, KaKune IepeMeHHbIC fBJIAI0OTCHA 6&3HCH]:>IMI/I, KaKHue He6843I/ICHI:JMI/I7 n i He6a,31/ICHbIX I1e-
PEMEHHBIX YKA3aHbl NX AKTUBHbIE IDAHMUILbI).

CUMIIJIEKC-METO/,

Iae 1. Berancaurs 5 = (f;) — BEeKTOp TeKyIIuX 3HaUYeHUIl 6a3UCHBIX [IepeMeHHbIX g = [(zB);]
(1.12), d = (d;) — BEKTOp OTHOCHTEJILHBIX OI[EHOK HeOA3MCHBIX IepeMeHHbIX Ty = [(zn);] (1.16).

Ilaz 2. Beibparh HOAXOIAILYIO HeGA3UCHYIO EPEMEHHYIO (TN )y, U3MeHeHrne KOTOPOii B JIOIyCTH-
MOM HaIIpaBJIeHUH yMeHbIIaeT LeJieBylo (pyHKHUIO, T. €. OTHOCHTEIbHas OLEeHKa d, KOTOPOil mMmeeT
«HEeNpaBUIbHBIT» 3HaK. Hebasucnas nepemennast (£ ); CIMTAETCS TOAXOIAIIEH, €CIIH:

dj <0 u (ry); UMeeT aKTHBHYIO HUKHIOIO I'DAHUILY;
dj > 0 u (ry); UMeeT aKTHBHYIO BEPXHIOI IDAHHUILY;
dj # 0 u (xy); sBIsIeTCS CBOOOHOI (HEOIDAHMYEHHOIT) epPEMEHHOII.

PukcupoBaHHbIE HEOA3UCHBIE IEPEMEHHbIE HE MOT'YT U3MEHSTHCS W [TOTOMY HE BKJIIOYAIOTCA B
YUCJIO IIOIXOISIINX.



Ecisn Bei60op HeBozmoxken, To CTOII — Tekyiiee 6a3ucHoe pereHne siBJIsi€TCs OMTUMAJIbHBIM.

Illaz 3. Oupenenuts Oy — aOCOJIOTHYIO BEJIMYNUHY [IPUPAIICHNUs BRIOPAHHON HeDA3UCHON epe-
MeHHOH (Zn)q B cMexkHOM Oasuce (1.23).

Ecin Oy = oo, To CTOII — JIII-3amauya uMeeT HeOrpaHUIEHHBIH MUHAMYM.

Llaz 4. Ecmu Onin = 6, (1.21), To moMeruTh mepeMennyio (zp), Kak HeOA3UCHYIO ¢ aKTHBHOIL
HIZKHEH W BepXHell rpaHmIieil B 3aBuCHMOCTH OT BeiOOpa 6; = 6, (1.20), a mepemeHnyio (Zn)q
nomMeruTh Kak 6asucuyio. Ecim ke Opin = 6y (1.22), TO u3MEHHTH TEKyIN[yIO0 AKTUBHYIO TDAHUILY
LePEMEHHOM (X )q Ha IPOTHBOLIOIOKHYIO.

Bepayrtbes k mary 1. B

1.4 TabauuHblii CUMIIJIEKC-METOT,

Tabauvwroil cumnierc-memod — 3TO BAPUAHT CUMILIEKC-METO/Ia, B KOTOPOM JIJIsl OIIPeIeJIEHUsT BCEX
HEOOXO/IMMBIX BEJMYNH UCHOJIb3yeTcst Tab/una (JByMepHBI MacCUB), COOTBETCTBYIOIIAsT TaK HA3bI-
BaeMoil npeobpaszosannoli (M mekywed) sadave.

IIpeobpasoBannas 3amada moaydaercd u3 ucxoaunoil JIII-3amgatn mocpencTBOM 9KBUBAJIEHTHOTO
JIMHEHHOro IpeobpasoBanus,’ KOTOPOe MPUMEHSIETCS IS TOTO, YTOOBI SBHO BBIPA3UTH IEJIEBYIO
dyuKIMo n 6a3uCHbIE TIEPEMEHHbIE Yepe3 Heba3UCHbIEe IePEMEHHbIE.

Tax, qa JIII-3amaun B dopmare (1.1)—(1.3) npeobpazoBannas 3a1ada UMeET CJIeAyIONHii Ghop-
MarT:

z=d" zyN + dy — min (1.25)
rp=ZxN+g (1.26)
Ip<zp<up (1.27)
INn<zny <un (1.28)

I7e B — BEKTOP OA3UCHBIX IMEPEMEHHBIX, TNy — BEKTOP HEDA3UCHBLIX MEPEMEHHBIX, d — BEKTOP
OTHOCHTEIHHBIX OIEHOK HEOA3NUCHBIX TepeMeHHbIX (1.15), dy — MOoCTOsTHHBII 1jIeH Tpeobpa30BaHHON
nesesoit dyukuu (1.17), = — cummiekc-rabauna (1.9), g — npeobpasoBaHHBI BEKTOD HPaBBIX
vacreit orpanndennit (1.10).

CymrecTBeHHass 0CODEHHOCTD TPEOOPA3OBAHHOM 38,149l COCTOUT B TOM, YTO €€ OCHOBHBIE KOMIIO-
HeHTHI (d, do, E, g) OTHOCATCSI K TEKYyIIeMy 0a3uCy, II09TOMY BCSIKUil pa3 IPU II€PeXojie K CMeXKHOMY
6a3ucy HeoOXOUMO BBIIOJHSITH IIEPECUET ITUX KOMIIOHEHT.

[maBHBIM HpEUMYTIIECTBOM TaOJUIHOTO CUMILIEKC-METOA SBJISETCH IMPOCTOTA €r0 Pean3allii,
OCKOJIBKY BCsl HeoOXomMast nHGOpPMaIHs JOCTYIHA B aBHOM Buje. 0 OIHAKO /It IPAKTUUECKOTO
pemenus JIII-3a7a1 TabJIMIHBIN CUMILIEKC-METOJ], B HACTOSIIEE BPEMsI TIOUTH HE IPUMEHSETCsI B OC-
HOBHOM W3-33 €I'0 HU3KON BBIYUCIUTEIbHON 3D(DEKTUBHOCTH, OCOOEHHO IIPU PEIIEHUN Pa3PEKEHHBIX
JITI-3a1a1 BBICOKOU paszmepHocTH. HampuMep, Ha KarXK0# UTEpPAIMA TAOJIUIHOTO CUMILIEKC-METOA

9910 mpeobpazoBaHme, KOTOPOE MOYKHO BEITIOIHUTE, HCIIOIL3Ys MeTO, nckmodenns [aycca—Kopaama, mpeacTas-
nser coGoit ymuoxkenue B! cieBa Ha mcxomHyro Marpuiy kosddbunuentos orpammuenuii (1.6) AIIT = (B|N), B
pesyabTare wero mosydaercss marpuna B~ (B|N) = (I|B™'N) = (I| — Z), coorserctayromast (1.26).

HanGomee orwersmeo sro mposmaserca mas JIII-3amas B crammapTHOM dopMaTe, Ijje BMECTO IDAHHI] OBIIEro
Bra (1.3) MCHOIB3YIOTCs yCI0BUs HeOTpuaTeJbHocTH & > 0: B 9TOM ciIydae Bce HeGA3WUCHDBIE IIEPEMEHHBIE MMEIOT
HyJIEBBIE AaKTUBHBIE IPAHNIIBI, I09TOMY TEKYIIlee 3HAUYEHNE [1eJIeBOI (DYHKIMY PABHO do, & TEKyIIre 3HaIeHUsT Ga3UCHBIX
[IEPEMEHHBIX PABHBI 3JIEMEHTAM BEKTOPA (.
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HEeOOXONMO BBITIOJHATD IepecdeT BCell CUMILIEKC-TabJIUIBI =, XOTs IJjisi BbIOOpa Oa3uCHON mepe-
MEHHOI HYy>KE€H BCEero OJUH CToJiOer 9Toil Marpuibl. [Ipu sToMm make ecm mcxomHasi Marpura A
SIBJISIETCST JIOCTATOUHO PA3PEsKEHHOIT, 3aII0IHEHNe CUMILIEKC-TabanIpbl = = —B LN B obmmem ciydae
MOXKET OBITH TOPa3Ji0 BHIIIIE.

B macrosrmee Bpems Hanbosee MIIPOKO UCIOTL3YETCA BAPUAHT, HA3BIBACMBIN MOIUPUUUPOSAH-
HOM CUMNAEKC-MEMOJoM (CM. CIIey IOl pas3ies). B 9ToM BaprmanTe KOMIIOHEHTBI TPeoOpa3oBaH-
HOU 3aJ1a4d HE XPAHATCI B IBHOM BHJIE, & BCE UCIIOJIb3yeMble BEJIMYNHBI BBIYUCJISIOTCS TOJIBKO IO
Mepe HeOOXOJMMOCTH, YTO IIO3BOJISET CYIIECTBEHHO IOBBICUTH BBIYUCIUTENHHYIO 3DPEKTUBHOCTD
meroja. Tem He MeHee, MOIUMUITMPOBAHHBIN CUMILIEKC-METOJ, TAKXKE UCIIOIb3yeT KOMIIOHEHTHI IIpe-
00pa30BaHHON 3a/1a4K, IOITOMY UMEET CMBICJ PACCMOTPETH 3/1eCh (DOPMYJIbI TAOJIMIHOI'O CUMILIEKC-
MeTOJIa JIJIsl [lepecyeTa KOMIIOHEHT peobpasosanHoii 3a1a4n (1.25)—(1.28) npu nmepexojie K CMeKHO-
My 6a3uCy, MOCKOJIBKY 9TH (POPMYJIbI MOYKHO HCIIOJIb30BATH I BBIBOIA (DOPMYJI IIepecdeTa APyTrux
BEJINYWH, CBA3AHHBIX C TEKYIIUM OA3MCHBIM PEIICHUEM.

Yro6bl yIPOCTUTH BBIBOJL YKA3aHHBIX (DOPMYJI, 3aMETUM, 4TO CTPOKY meseBoit dbyuknuu (1.25)
MOKHO PacCMaTPUBaTh KakK CTPOKY CBOOOJIHOI 6a3ucHOi mepeMenHoil (£5)p = 2. AHATIOIUYIHO, ITpe-
00pa30BAHHBIN BEKTOP IIPABBLIX YacTeil OrpaHUYEHNl ¢ MOXKHO PacCMaTpPUBaTh KaK CTOJIOEI (DUKCH-
pOBaHHOI HEOA3MCHOI TIepeMeHHoi () = 1. DTO Mo3BOJIAET 00HEMHNTH OCHOBHBIE KOMITOHEHTHI
(d, do, 2, g) B pacwupennyro cumniexc-mabruuy:tt

=@ -(© L) (1.20)

g =

a Takxke 00beuHUTH paBeHcTBa (1.25) n (1.26) B 01HO paBEeHCTBO:

[1]

xp =Z"zy. (1.30)

,HOHyCTI/IM, 4T0 OA3UCHAA IIEpeMEHHad (xB)p CTAHOBUTCS HEDA3UCHON U 3aHUMaET MECTO HeDa3ue-
HOI HepeMeHHOil (T )q, KOTOpasi, B CBOIO OYepe/ib, CTAHOBUTCS OA3MCHON 1 3aHIMAET MECTO Iepe-
MenHo# (2),. Hac unrepecytor opMyIIbl Iepecyuera 3JI€MEHTOB PACIIIPEHHON CHMIITIEKC-TabIHIbI

Z* mpu mepexojie K CMeXKHOMY 0asucy.

YUT06BI BHIPA3UTh HOBYIO GA3UCHYIO epeMeHHyIo (TR), = (TN)q Yepe3 HOBBIl HAOOP HEGABUCHBIX
[IePEMEHHBIX, BK/IIOYAIOINil HOBYIO HEOA3UCHYIO IepeMeHIyIo (TN )y = (ZR)p, IpeobpasyeM cHadasa
p-10 (BeyILyo) cTpoky cucreMbl paBeHcTs (1.30):

n—m
i (2N); = &pg(en)g + D &pj(an);
Jj=0 Jj#4q
OTKY/Ia
1
(TN)g = — Z (1.31)
§pq gpq

J#q

UckmoanM reneps (T )q U3 OCTAIBHBIX CTPOK cHCTeMbI paBeHCTs (1.30), 11st dero mogcraBuM (Zy )y
3 (1.31) B KaxKYyIO i-10 CTPOKY (i # p):

11 . .
OTa pacIIupeHHas] CUMILIEKC-TaDJIUIA, MIPEICTaB/IeHHasl B BHUJE JIBYMEPHOIO MaCCUBa, SIBJISIETCSI TON OCHOBHOM
CTPYKTYPOI TAaHHBIX, KOTOPAsi UCIOJIB3YETCsT B TAOJUIHOM CHUMILIEKC-METOIE.
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(@B)i = Y &ij(an); = Giglan)g + Y Gijlan); =

j=0 J#q

_ ?q Z gzquj )j + Z gij (xN)j —_ (1.32)
pq J#q i#a

- fag, +z(sw ) )
pq i pq

Koaddunuenrsr npu nepemennsix B pasencrsax (1.31) n (1.32) siBistrorcst ssieMeHTaMy HOBOI
DPACIIMPEHHO CHMILTEKC-TAGIIIB = = (E”) JIJIST CMEKHOTO 0a3mca, BhIpasKeHHBIE depe3 3JIeMeH-
TBI UCXOJHOI PACIINPEHHOH CHUMILIEKC-Tabmunbl =% = §;; g TeKymero 6asuca. Takum obpasom,
HoJIydaeM cjeaylomue popMyJIbl IIepecueTa

Epg = £ (1.33)

g, = —2] = T 0 (1.34)

€= gp‘; —E b i #D (1.35)

€y =6y~ S0 e e Gk, i # D (1.36)

qu

Hynesasi crpoka pacrmpenHoii cumiieke-Tabmist (1.29) coorBeTcTByeT CTpOKe Tie1eBoii hyHK-
uu B ipeobpasoBannoiil 3aja4e (1.25), T. e. z = (zp)o. [TosTomy dopmysbl nepecyera OTHOCUTE b
HBIX OIEHOK dj = &; U IOCTOsSIHHOTO wWieHa dg = &y coBuagaior ¢ dopmyaamu (1.35) u (1.36) mpu
1 =0:

d _
dq = g: = é-pqdqv (137)
dyby; _ .
dj = dj e dj — dquj == d]' + dquj, ¥ 75 q. (138)

Epg
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2 MomudunnupoBaHHBIA CUMILIEKC-METO/,

Moodupuyuposanmodi cumnaexc-memod [3, 4, 5| — 910 BapuaHT CHMILIIEKC-METO/[a, B KOTOPOM JIJIst
BBIYHC/ICHNSA BCEX HEOOXOIUMBIX BEIMYNH HCHOJIb3YeTCsd IOAXOdINee IpecTaBIeHne TeKymei ba-
sucuoit Marpuisl B (1.6), nossostsiroriee 5(phEKTHBHO BBIIOIHSTH OCHOBHBIE OLEPAIINH C 9TOH MaT-
purieit (ogpasm. 2.1). B omune or rabiauaHoro cumiiekc-mMerosa, (eM. mogpasi. 1.4), npeobpaszo-
BanHas 3ajada (1.25)—(1.28), 3a HCKIIIOUEHIEM €€ OT/IeILHBIX KOMIIOHEHT, B SIBHOM BHJIE HE XPAHNT-
Ccsl, YTO IIO3BOJISIET CYILIECTBEHHO IIOBBICUTH BBIYHC/IUTEIBHYIO 3(h(GEKTHBHOCTD CHUMILIEKC-MeTOa,
ocobeHHO 1pH perneHnn paspexkeHHbIX JII1-3a1a41 601b1I0i pasMepHOCTH.

2.1 ®akTopu3zalusi 6a3UCHOI MATPUIIBI

IIpencrasienne Tekyieil 6a3uMCHOR MATPUILI B, HCIOJIb3yeMoe B MOAUMUIIIPOBAHHOM CHMILIEKC-
MeToj1e, 0OBITHO (XOTSI U He 065I3aTeIbHO) MMeET BIJ MATPUIHON dhakTopusanui, riae B npencrasie-
Ha B BHJE [IPOU3BEIEHIS MATPUI CIHENHAIbHOM cTpyKTypslL. 2 [To9TOMY yKa3aHHOE HpeICTaBICHIE
Ha3bIBAETCS B JAJbHEHIEM Garxmopusauuets 06a3ucHott Mampuibl.

C ToYKHM 3peHus CUMILIEKC-METOa BUJ KOHKPETHON dakTopusanun 0a3MCHON MATPUIIBI sIBJIs-
ercsi HecyIecTBeHHbIM. OJIHAKO MPEJIIoIaraeTcsi, ITO UCIOJIb3yeMast (haKTOPU3allisi 00eCIeInBaeT
3 PEKTUBHOE BBIMTOJHEHNUE CIEIYIONNUX Y€THIPEX OCHOBHBIX OTIEPAITHIL:

1. Hauwanavroe sviuucaenue gaxmopusdayuu. VecxoqHbIMU JAHHBIMEA 9TOH ONEPAINN SIBJISIETCS 38~
nanHast MmaTpuna B. PesyabraroMm siBjsieTcs BbIYuC/IeHHAsT (PaKTOPU3AINT STON MATPUIILI.

2. IIpsamoe npeobpasosanue (FTRAN). Dra oneparnus pejcTaB/sieT cobOil pereHne CUCTeMbI
Bz =y (wm, 9To TO JKe camoe, BHIYMCIIeHne BeKTopa © = B~ly) nya samanmnoro sekTopa y.!3

3. Obpammoe npeobpasosarue (BTRAN). ra oneparysi npejcrapiiser coboil pereHne CuCTeMbl
BTz =y (um, 4o TO 3Ke caMoe, BHIMUCIIEHEE BEKTOpa & = B~ y) s 3a/lAHHOr0 BEKTOpA ¥.

4. Hepecuem garxmopusayuu nocae 3amensv, cmoabya. VlexoHbIMI TaHHBIMEU STOH OIlepaIuu siB-
Jggercda pakTopuzaius TeKyIeil MaTpuilbl B 1 3aJlaHHbI BEKTOP, KOTOPLIN 3aMeHseT HEKOTOPBIi
cTosber] B TeKyImel MaTpuie, 9To JaeT HOBYIO MaTpuiy B. PesyinratoM omeparun spiasercs dhak-
TOPU3AIUs HOBOH MATpPHILI B.

IIpumeuarue. KoukperHas peanusaiius (akropusainn 0a3MCHON MATPHUIIBI OOBITHO OI'DAHNIH-
BaeT YUCJIO nepecyeroB dakropusaiuu (Hanpumep, He 6osee 50 miau 100), gTo 06ycsi0oBIeHO, B OC-
HOBHOM, T€XHUYICCKHUMU IIPpUINHaAMU (HaKOHJ’[eHHe BbIYUCJ/INTE/IBHBIX HOl"peHlHOCTeI';’I7 IIeperroJiHeHne
MACCHUBOB, Ype3MepHOe 3arojiHenue, u T. 11.). OJHAKO 9TO OrpaHUYeHHe He SBJISIeTCS KPUTHIECKUM
I MO,ZLI/ICbI/ILH/IpOBaHHOFO CHUMILJIEKC-METO/Ja, TaK KaK BCerja MMeeTCd BO3MOZKHOCTDL BBIIIOJTHUTDH
HadvaIbHOE BBIUMCJIEHNE (DAKTOPU3AIINH.

Peanuzanus dpakropuzamnyy 6a31CHON MATPUIIBI IPAKTUYECKH HE CBSI3aHA C PeaIu3alfeil CUuMII-
JIEKC-METOJIA U MIPEJICTABISIET CODOM CAMOCTOSATEILHYIO IIPOOIEMY, KOTOPast 37eCh He 00CY K IAeTCH.

B zakmrouenne paccMoTpum popMyJibl Ipeobpa3oBaHus Oa3UCHON MATPHUIILI [P 3aMEHe CTOJIOIA.
O1r POPMYIIBI He 3aBUCAT OT BUJIA KOHKPETHOM (DAKTOPUBAIME U IIO9TOMY UX MOYKHO HCIIOJIb30BATH
JUIS TIepecydeTa JIPYTUX BEJIUYUH, CBSI3aHHBIX ¢ 0A3MCHOM MaTpUIEH.

Wrak, mycTh p-it cToaberr MaTpuilbl B 3aMeHsIeTCsT CTOJIONOM v, B Pe3y/IbTaTe Yero MOJIydaeTCst
maTpuna B.

L2 TpumepoM haKTOPU3AIMN MOYKET CIy’KUTh TPEYTOJIbHOE PA3JIOXKEHHE.
133 11ech = Uy — 3TO NPOU3BOJILHEIE BEKTODHI, He cBsizaHHbIE ¢ JII-3a1aueit.
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Tak kak B — HEBBIPOXKIEHHAS MATPHUIA, TO IMEET MECTO PABEHCTBO
B'B=1 (2.1)
Ompepiesium matpuity H caemyromum o6pa3om:
B 'B=H. (2.2)

[MockonbKy B oriuyaercst oT B TOJIBKO p-M cTOJI010M, TO u3 conocraienus (2.1) u (2.2) cienyer,
uro H oTimdaeTcs OT eIMHUYHON MATpHIb! /| TakyKe TOJIBKO P-M CTOJIOIOM U IO3TOMY HMeeT BU/L:

rae p-it crosberr stoit marpunet Hy = (h;p) yIOBIETBOPsIET PABEHCTBY
-1
B~ v = Hp. (2.4)

Ymuozxkasi cieBa B Ha 06e dacTu paBeHcTBa (2.2), MOJYYNM OCHOBHYIO (bOPMYJTy IpeobpasoBaHmst
0a3MCHOI MaTPUILHL:

B = BH. (2.5)

DopmyIibl TpeodbpazoBatus Jijisi OOPATHBIX MATPHIL HEIIOCPEICTBEHHO CIIeAyIoT u3 (2.5):

B '=H'B, (2.6)
B '=pTHT, (2.7)
rie
1 _hlp/hpp
1 _hp—l,p/hpp
H'= 1/hpp : (2.8)

_thrl,p/hpp 1

- hmp/hpp 1

(Takum obpazom, Marpuiia B Gy/ieT HEBBIPOXKJIEHHONH TOJIBKO B TOM CJIydae, €CJIH JUArOHAJIbHBII
9JIEMEHT Ny, MaTpunel H OTJIHYEH OT HyJIsL. )

IIpumevanue. Paccmorpennbie (popMyJIbl MOZKHO HUCIIOIb30BaTh JJIs JIOCTATOYHO IIPOCTOM peaJin-
sanuu (HaKTOPU3AIMA B BHUJE TAK HA3bIBAEMOro <«ama-gatiaa» (4, 6]. B aroit peannzaiun Tekyiast
OasncHasi MATpUI B XpaHUTCA B CJIEAYIOMEM (DaKTOPU30BAHHOM BUIE:

B = ByH, ... Hy, (2.9)
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rae By — madanbpHas 0asucHas MarTpuna (T. €. HOC/Ie BBIIOJIHEHHs ONEPAINN BBIUNC/IEHHS (hak-
rTopuzanuu B = By), UpejicTaBieHHas B OAXO0/sAIIEM (DaKTOPH30BAHHOM BHJIe (HAIIPUMED, B BH/JIE
OOBITHOTO TPEYTOIBHOTO PA3IOXKEHNST ), TIO3BOJISTIONEM 3 DEKTUBHO PeIaTh CUCTeMbI Biuja Bor = y
u Bl'z =y; Hy, ..., Hy — marpurpt susa (2.3), oTpaskaiolie 3aMery cTosbnos B By 1 xpaHuMbie
B BHJIE 1I0CJIe/I0BaTesIbHOTO daiira (MaccuBa), Ha3piBaeMoro «dra~daiii» (Tak Kak Oyksa H moxoxka
Ha IpeYecKyo «dtay). 13 (2.9) caemnyer, aro:

v=Bly=H ' . H'Bj'y, (2.10)

1. e. oneparuio FTRAN MO0:XKHO BBITOJTHUTD, pellias BHadaje CUCTEMY C Marpuieir By um 3arem
nocseoBarTesabHo ¢ Marpunavu Hi, ..., Hy («31a-daiia» npocMarpuBaeTcs B IPSIMOM HODSIIKE,
OTKy/la Ha3BaHUeE Olepalu — npsiMoe peobpasosanue). Tpancnonupyst o6e yactu dopmyiist (2.10),
TTOJTY M

v=BTy=B,TH".. . H Ty, (2.11)

1. e. omeparumio BTRAN Mo0:KHO BBIIIOJIHUTB, pellas IOCAEIOBATEbHO CHCTEMBI C MaTpPHUIIAMU
HkT, ..., H{ n zarem ¢ marpuneit Bg («aTa-dait»y npocMarpuBaeTcst B 06paTHOM HOPSIJIKE, OTKY-
Jla HasBaHue omeparyu — obparnoe npeobpazosanue). Hakomerr, oneparyst 3aMeHbI CTOIONA TPE-
craBiisier co0oii BeIYMC/IeHHE 1 JjiobaBjieHre ouepeiHoil Marpurbl Hpiq K dakropusamuu (2.9),
T. e. B KOHel «3ra-daitinar. (Ormernm, uro s dakropusanun By TakKe MOXKHO HCIOJIb30BATDH
«3Ta~-dailii», MOCKOJIbKY JII0OYI0 HEBBIPOXKICHHYIO MATPHUILY MOXKHO IIOJIYyYUTh, IIOCJIEI0BATEIHLHO
3aMeHsisl CTOJIOIbI €/IMHUIHON MaTpPUILbL. )

2.2 OcHoOBHBIE omeparuu

AHa/u3 NPUHIUIINAIBHON CXeMbI CUMILIEKC-MeTo/Ia (CM. mopas. 1.3) mMo3BOJISIeT BbIIEIUTD CIIe/Ly-
IOIIle OCHOBHBIE OIEPAIH, KOTOpble HeoOxoauMbl mpu pertennn JIIT-3amaqan (1.1)—(1.3) momudu-
HUPOBAHHBIM CHUMILIEKC-METOIOM.

1. Bowucaenue snauenuti basuchoir nepemenmnvix f = (3;). Bekrop B Heobxomum Jyisi onpejesie-
Hust BesImauHbl Oy (1.23), T. e, 1yist BbIGOpa Ga3nCHOl IIEPEMEHHOMN, KOTOPYIO CJIeyeT UCKJIIOYUTD
u3 uncjaa 6a3ucHbBIX. KpoMe TOro, 9TOT BEKTOP BMECTE ¢ BEKTOPOM aKTHBHBLIX TDAHUIL (T. €. TeKy-
MUX 3HAYEHNil) HeGA3UCHBIX MEepeMEeHHBIX [ ONpe/le/sieT TeKyllee J0IyCTUMOoe 0a3UCHOe pelleHne
(1.11). U3 (1.12) ciemyer, 4To BEKTOD 3 MOYKHO BBIYUC/IUTH, UCIIOJIL3Ys oneparuio FTRAN (em. moj-
pazz. 2.1), o dbopmyie:

8=B"'(b-Nf), (2.12)

rie b — BekTOp IpaBbIX dacTeil orpanndennii (1.2), N — marpuna (1.6), cocrasiennas u3 croa010B
MaTpUIBl KO3MOUIMEHTOB orpaHndeHnii A, cCOOTBETCTBYIOIINX HEOA3UCHBIM [IEPEMEHHBIM T .

2. Boruucaenue cumnaekchox muoocumenet m = (m;). Bekrop m HeOBXOMUM JIJIsl BBIYUCIICHUST
OTHOCUTE/IbHBIX OIEHOK HEOA3NCHBIX ITIEPEMEHHBIX. DTOT BEKTOP MOKHO BBIYHC/IUTH, UCIOIb3YSI OIle-
panuio BTRAN (cm. nomgpasz. 2.1), o dopmyse (1.16):

7 =B Tep, (2.13)

rje cg — BeKTOp KoahUIUEHTOB 1esieBoil hyHKIUK 1Ipu 6a3uCHBIX 1epeMeHHbIX £ (1.4).

3. Bunucaenue omnocumenvror ouernor d = (d;). Bexrop d HeobxoauMm yist BEIOOpa HeOA3HCHOM
LIEPEMEHHOM, KOTOPYIO CJIEAYeT BKJIIOYUTDH B YHCJIO OA3UCHBIX. DTOT BEKTOP MOYKHO BBIYUCJIUTD IO
dbopmyse (1.15):

d=cy—NTr, (2.14)
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rjie ¢y — BEeKTOP K03hUIIEHTOB 11e1eBoil (hyHKIMN npy Heba3uCHbIX epeMeHHbX 2y (1.4). 3ame-
THM, 9TO yKa3aHHasT (DOPMYJIa MO3BOJIsAET H(PGPEKTUBHO BBIUUCIISITH OTHOCUTE/IBHBIE OIEHKHU OTJIE/b-
HbIX HeOA3UCHBIX IepeMeHHbIX. IlycTs (2x); = o) — HekoTopas HebasucHas nepemennas. Torma ee
OTHOCUTE/IbHAsA OLEHKa eCTb d; = e;-Fd, rie e; — j-it cronbern equnuanoil Marpunnl. Ilosromy:
T TaT. . , T _ T

dj=ejeny —e; N'm=(cny)j — Nj m=cp, — Apm, (2.15)
rae (cn)j = ¢ — Koaddunuent nenesoit dyuxrmu u Nj = Ay — crosbery MaTpuipl KoadhhuineHTos
OrpaHHYeHNii, COOTBETCTBYIOIIIE HEOA3NCHON IIepeMEeHHOi (LN )j = .

4. Buwucaenue cmoabua cumnaexc-mabauypve =g = (&iq), KOTOPBI COOTBETCTBYET BBIOPAHHOIL
Heba3UCHON HepeMeHHoit (2 )q. BexTop-cronben =, cOBMECTHO ¢ BEKTOPOM TEKYIHX 3HaYeHUil Oa-
3UCHBIX IEPEMEHHBIX 3 HEOOXOUM JIJIsA OLIPEIeJICHIST BEJIMIHHBI Oy (cM. Bble). Tak kak 2, = Zeg,
re e, — ¢-it crosber equHIIHOI MaTpuIEl, TO U3 (1.9) ciemyer, uro crosbern =, MOKHO BHIYUCIINTS,
ucnosb3yst onepannio FTRAN, o dopmyie:

2= -B"'Neg=—-B"'N,, (2.16)

rae N, — crosben MaTpunbl KoadduIenTos orpanmdennii A, cooTBeTcTByIOMuMil HeOa3UCHOI IIe-
peMeHHOi (TN )q-

5. Ilepexod % cmeorcromy basucy. ITa olepanus COCTOUT B 3aMeHe cToJibNa ), TeKyeit 6a3ncHoi
maTpunbl B cronbrom N, Tekymieit MmaTpuiisl N, rjle HHACKCHL P U ¢ OIPEJIeIaioTCs BLIOPAHHBIMU
6asucnoit (rp), u nebazucHoit (ry), IMEPEMEHHBIMH, B PE3yJILTATE Hero IIOJIydaeTcss HOoBas bGasuc-
Has MaTpHIA B3, COOTBETCTBYIONAs CMeKHOMY 6asucy. IIocKo/IbKy Ga3icHas MATPUIA He XPAHUTCS
sIBHO, & UCIIOJIb3yeTcs ee (DAKTOPU3AINS, TO BBIIOJHEHNUE JAHHOI OIEepallud CBOIUTCH K IIepecuery
daxropuszaruu 6asucHoil MaTpurpl (cM. mogpasi. 2.1).

Bce nepeuunciennnie oneparnuu 1omyckaoT 3(hGHEeKTUBHOE BBITOJTHEHNE, €CIU MaTpuIla Kodddu-

LAEHTOB OrpaHndeHuii A JOCTYIIHA 110 crobunam. 4

B zaksiouenne orMeTuM, UTO €CJIU TPUIEPYKUBATHCS IPUHITATIHAILHON CXeMbI CUMILIEKC-METOIA
u3 nojpas/. 1.3, To KaxKas ureparns Mo uUIMPOBAHHOTO CUMILJIEKC-METO/[a TPEOYET BBIIOJIHEHUS
aByx oneparuit FTRAN, onnoit onepariuun BTRAN, u ojHoro nepecuera (axropusanuu TekyImei
0a3MCHOIl MaTPHUIILI IOCJIEe 3aMeHBbI CTOJIONA.

2.3 Ilepecuer KOMOOHEHT 0A3UCHOIO peIeHUS

[Ipu pemenun JIII-3amat 60BIION pa3MEPHOCTH YHCIO UTEPAINN CUMILIEKC-METOIa MOYKET JTOCTH-
rarb OEeCATKOB U COTEH Thicad. [103TOMy /I HOBBIIEHNS BLIYUCIUTEILHON 3DPEKTUBHOCTH MOIM-
CbI/IL[I/IpOBaHHOFO CHUMILJIEKC-METO/Ja Ha Ka.)KILOfI nrepanumn BMECTO IIPAMOI'O BBIYUCJICHHNA OCHOBHBIX
KOMIIOHEHT 6a3ucHoOro pertenns 1o dhopmynam (2.12), (2.13) u (2.14) BbIro/Hee BHIIOTIHATH UX Iepe-
c4YeT, T. €. UCIIOJIb30BaTh U3BECTHLIC 3HAYCHUA 9TUX KOMIIOHEHT B TeKymeM 6&3HC€ JJIgd BBIMUCJICHU A
X 3HaYEHUN B CMEXKHOM Hasuce. 371ech He0OXOINMMO OTMETHTD, UTO IMOA00HBIN mepecyeT Hen30eKHO
COIIPOBO2K/Ta€TCs HAKOIIJIEHIEM OH_H/I6OK OprF.HeHI/IH, HOSTOMy BpeMsd OT BpEMEHHU CJIeyeT UCIIOJIb30-
BaTh MPSIMOE BBIYUCJCHUE ITUX KOMIIOHEHT (HAIIPUMED, BCSKUiT pa3 Moc/ae HA9aIbHOTO BHIYHUCIICHHS
bakropuzaryu 6a3UCHON MATPUIIbI).

1 Pazamume MexKIy CTPOYHBIM U CTOJIGIIOBBIM IIPEICTABICHISIME MATPHITBI SIBIISIETCS CYIIECTBEHHBIM TOJIBKO €CJIH
JIJIsI XpaHEHUsST MATPHUIIBI UCIOJIB3YETCsT PA3PE’KEHHBIN (popMAaT.
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Ilepecuyer 3HauyeHnii 6a3ucHbIX nepeMeHHbIX = (f;). Ilycrb nepemennasi (), BLIXOAUT U3
6asuca ma cBoio akTuBHYIO rpanuiy t = (Ip), wiu t = (up)p, a mepeMennast (), BXOIUT B Oa3HC.
Tak Kak ocrajbHble HEGA3UCHBIC IEPEMEHHBIC He N3MEHSIIOTCsI, TO BEKTOD HPUPAIICHIUN HEOA3MCHBIX
[EPEMEHHBIX [IPU [EPEX0JIe K CMeXKHOMY 0as3ucy ecrb

Azy = A(zn)qeq, (2.17)

rae A(xy)y, — IpupalieHne epeMeHHol (L), €q — ¢-it cTosber eauanaHOil MaTpupl. 13 coor-
Homtenus (1.8) cireyer, 9T0 B 9TOM Cilydae BEKTOD IPUPAIIEHNiT 6a3NCHBIX II€PEMEHHDIX PaBeH

Azp = EAzn = A(zn)Eeq = A(zN)qEq, (2.18)

rje 2q = (fiq) — @-#1 crosben TeKyIeil cuMILIeKc-Tabyiibl. B gacTHOCTH, /1)1 OTAEIbHON 6a3MCHOIM
IIEePEMEHHON nMeeM:

A(wB)i = EiA(an)g. (2.19)
Bnas mpupaienne nepeMeHHoil (£g)p, KOTOPOoe, OYEBHIHO, PABHO
Azp)p =1t — By, (2.20)

rae [, — 3HaveHHe 9TOil IlepeMeHHON B TeKylneM Gasuce, u3 ¢opmyist (2.19) mpu ¢ = p cremyer,
YTO COOTBETCTBYIOIIEE IPUPAIIEHHE IIEPEMEHHOR (TN ), paBHO'®

A(zg), _ l— ﬁp_

Alzn)g = (2.21)
R Epa
A Tak Kak B cMexkHOM bazuce (), 3aHEMaeT MeCTO (ZRB)p, TO
Bp = fq+AlzN)qg, (2.22)

rae f, — aKTHBHAs I'DAHHIlA IepeMeHHOIl (2 ), B TekymeM basuce. OcrabHble 6a3uCHbIE IEPEMEH-
HBIE OCTAIOTCsI OA3UCHBIME B CMEXKHOM Oasuce, mmosromy u3 (2.19) cieyer, uro

B; = Bi+ A(zg)i = Bi + &igAlan)g, i # D (2.:23)

B crienmasibaoM citydae, KOra B CMEXKHOM Oasuce epeMenHast (& )g IEePEXOIUT CO CBOeH TeKy-
) q
el aKTUBHON I'PaHUIBI Ha IIPOTUBOIIOJIOZKHYIO, JIJId OIpPeJie/IeHUd [IPUPAIIECHUs 3TOH IIepeMeHHON
BMecTO hopmyiibl (2.21) cieayer ucnosb3oBaTh GOpMyILy

A(zn)q = s[(un)q — (In)gl; (2.24)

rae s = +1, ecim (xn)q Bo3pacraer, win s = —1, ecan (), yoeiBaer. IIpu sTom sHavenus scex
6a3MCHBIX [IEPEMEHHBIX MePecYnuThIBaoTCs 1Mo dopmyiie (2.23).

Ucnonbzosanue dopmyi nepecuera (2.22) u (2.23) gaer BO3SMOXKHOCTb COKOHOMUTH OJIHY OIepa-
o FTRAN Ha KaxX710#f urepamyumi MOAUMUIIIPOBAHHOIO CUMILIEKC-METO/IA, TOCKOJIBKY HCIIOJIb3Y-
eMblif B 9THX (DOpMy/Iax CTOJIOEI CHMILIEKC-TabINIbl =, yrke Oyaer Beraucen patee (OH Tpebyercst
JJTs1 OIIPEeJIeTIeHUs] BEJIMIUHBL Oy, ).

1 N
TlonsaTHO, YTO ec/iu BLIGOP MepeMeHioit (£5), BBITOIHAICA HA OCHOBE BEIUYUHBI Omin (CM. HPUHIIUIHAIBLHYIO
CXeMy CHMILIEKC-MeToAa, noapasz. 1.3), 1o A(zn)q = $Omin.
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Ilepecuer orHOCUTENBHBIX OIEHOK d = (d;). DopMysbl mepectdeTa OTHOCHTEIBHBIX OIEHOK
HeOA3UCHBIX HepeMeHHBIX — 9T0 dopmyibl (1.37) u (1.38) (cMm. moxpasz 1.4):

- d
dy = -1, (2.25)
Spq
dj =dj — &pjdg, J# 4 (2.26)

BamernM, 9TO B CIEIUATIBLHOM CIIydae, KOIja B CMesKHOM Oasuce HeOa3uCHas! lepeMenHast (X ) I1e-
PEXOIUT CO CBOEH TeKyIIeil aKTUBHON I'DAHUILI Ha IIPOTHBOIOIOXKHYIO, 6C€ OTHOCHTEJIbHBIE OIIEHKH,
BKJIIOYAs OIEHKY (g, OCTAIOTCS HEeUSMEHHBLMUL

Ipumenarue. Tak Kak mepecder COMPOBOXKIAETCS OMUOKAMU OKPYTJIEHUsI, TO ME€PE. BHIUUCIIE-
mueM d, o dopmyiie (2.25) mesiecoobpasHo HCIOIb30BATh y2Ke BBIMHCIICHHbIH cToIber] =, TeKyieil
CUMILIEKC-TaOJIUIIBI JIJIs IIPSIMOTO, a 3HA4uT, 0oJjiee TOYHOIO BBIYHCICHHA d, B TeKyleMm Oasuce.

ITockombKy dy = e:{d, rie e, — g-# crober eMHIIHON MaTPHIILI, TO HeoOXoAuMasd (popMyIa MOJTy-
T

qJaeTCd YMHOXKeHUueM cJjieBa eq

Ha 0be yacTu pasBeHcTsa (1.15):
dg = (cn)q + Elcp. (2.27)

Il mepecuera ONEHOK MO yKasaHHBIM (bopMyJaM TpebyeTcs p-s CTPOKa CHUMILICKC-TabJIHIbI
& = (&) B Texymem Gasuce. Tak xak &, = Ele,, re e, — p-it CTOGEI] eIMHUTHON MATPUIILI, TO
u3 (1.9) ciemyer, 9T0 BEKTOP &, MOKHO BBIYHCIATD 1O (DOPMYJIE:

¢ =-NT'B e, =-NTp, (2.28)

IJie BEKTOP p €CTh p-s CTPOKa OOPATHONW MATPHILBI B~ KOTOPBIA MOXKHO BBIYUCJIUATH, UCIIOJIb3YyH
onepanuio BTRAN:
p=BTe,. (2.29)

Cpasuuast popmysst (2.28) u (2.29) ¢ dopmystamu IpsSIMOro BBIYHCICHHsT OICHOK (2.13) u (2.14)
MOYKHO 3aMETHTD, YTO OHI UMEIOT HJCHTHYHYIO CTPYKTYPY, % 1103TOMY Ha 1epBbIil B3I/ IIepecyeT
OTHOCHUTEILHBIX OIEHOK He IMO3BOJISET MOBBICUTH 3(D(DEKTUBHOCTH BBIYUCIEHUI 110 CPABHEHUIO C UX
IpsAMBIM BbraucitenueM. OHAKO, B OTJIHYHE OT BEKTOPa g B dopmyite (2.13), BEKTOD e, ABIISETCs
€JIMHUYHBIM BEKTOPOM, IIO9TOMY MOXKHO OXKUJIATh, UYTO BEKTOD p OyIeT 6ojiee paspe:KeHHBIM, UeM
BEKTOp 7. DTO, BO-IIEPBBIX, MOYKET yBEJUINTH 3POEKTUBHOCTE BbIoHeHUs omepanun BTRAN
(4T0, KOHEYHO, 3aBUCUT OT UCIOJIb3yeMoil bakTopusanuu 6a3ucHoil Marpuibl). VI Bo-BTOpbIX, pas-
PEXKEHHOCTb BEKTOPa O MOYKHO HMCHOJIb30BaTh 15 Oosiee 3(h(DEKTUBHOIO BBIMUCICHUS CTPOKH §p.
[Tocnenree 06CTOATENHCTBO 00YCJIOBIEHO TEM, UTO IIPOU3BE/IEHNE MATPHUIIBI HA BEKTOP MOYKHO BbI-
YUCJIATH JIByMs ClIocO0aMM: KaK CKaJIPHbBIE IIPOU3BEJIEHUs CTPOK MaTPHIIBI Ha 3aJaHHBIN BEKTOD U
KaK JIMHEHHYI0 KOMOUHAIUIO CTOJIOIOB MaTpuiibl. [IepBoiil criocod He 1MO3BOJISET yUIECTh PA3PerKeH-
HOCTb 33J/IaHHOI'0 BEKTOPA, HO IIPU HCIIOJIB30BAHUN BTOPOI'O CIOCO0A MOXKHO IIPOIYCKATh T€ CTOJIO-
15l MATPUIIBI, KOTOPBIM COOTBETCTBYIOT HYJIEBBIE 3JIEMEHTHI BeKTOpa. [IpumenuTesnbno Kk dopmysre
(2.28), e crombramu N1 spustoress crpoxu Marpunst N, BTopoit criocob o3HATAeT, 4To BeKTOD &)
BBIYHCJIAETCH KaK JIMHeHas KOMOMHAIMSA CTPOK MaTpuiibl N:

m
&=—-NTp=— Z pi (i-s1 crpoka marpunsr N). (2.30)
i=1

16310 cBsi3aHO € TeM, UTO P-10 CTPOKY CHMILIEKC-TAGIIHIbI MOMKHO PACCMATPUBATH KAK CTPOKY OTHOCHTEIbHBIX
OIIEHOK HEe0A3UCHBIX IIepeMEeHHBIX JIsl 11eJ1eBoil byHKIuH, rje KoadhduuueHT npu 6a3ucHOl 1epeMeHHOM (25 )p paBeH
enHATIe, a KOIMMUIUEHTH! IPXA BCEX OCTAIBHBIX MEPEMEHHBIX PABHBI HYJIIO.
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Sdderrusnoe ucnonb3osanne Gopmyssl (2.30) BO3MOXKHO JHIL B TOM CJIydae, KOIJa MaTpU-
ma N jocTymHa 1o cTpokaM. [loaToMy BO3HHMKAaeT TeXHUYECKast IpobjieMa, Tak KaK CTaHIapTHBIN
BapUAHT MOMUMUITITPOBAHHOTO CUMILTIEKC-METO/Ia TIPE/ITOIATAeT XPAHEHNE B STBHOM BH/JIE JIUIIH MAT-
punibl ko3 durenToB orpannueHuii A B pazpe:keHHOM cToJI010BOM dopmare (a Takxke 6a3UCHOM
Marpunsl B B $hakTOPH30BaAHHOM BHJIE).

Hnst permenust ykasanuoit npobsemsr P. Bukcou (R. E. Bixby) [7] npemmaraer xpanurs mar-
puity N B pa3peKeHHOM CTPOYHOM (opMaTe. 3aMeTuM, 9To Marpuiia N U3MeHseTcs Ha KaxK ol
UTEePAIH, TI09TOMY BCAKHII pa3 IIoc/e Iepexojia K CMeKHOMY 6asmcy craphlii crosbern Vg, coor-
BETCTBYIOIINIT BEIOpAHHON HEOA3UCHON ITepeMeHHOM (T )q, CIIe/lyeT 3aMeHsTh HOBBIM CTOJIOIOM Ay,
COOTBETCTBYIOIIIM BBIOpAHHOI 6a3mucHOl mepeMenHol (2g), = k. Tak kak N XpaHHTCS 1O CTPO-
KaM, TO JIjIsI 9TOr0 CHaJaJja HYXKHO IIPOUTHU 10 HEHYJIEBLIM 3J€MEHTaM CTaporo CToJIOIa, KOTOPBIi
JIOCTYIIEH KaK COOTBETCTBYIOIIMI CTOIOEIT MATPUIlbl A, yAaJuTh 9TH 37eMeHThl 13 CTpoK N, mociie
Yero IPONTH IO HEHYJIEBBIM dJIEMEHTaM HOBOIO CTOJIONA Ay U J100ABUTL 9TU 3JIEMEHTHI B CTPOKHU V.
ITo Bceit BuamMoOCTH TEeXHUKY BHKCOM MMeET CMBICI MPUMEHATH B TEX CJIy4dasx, KOrja OOJIbITHH-
CTBO CTOJIOIOB MATPHIIBI A SIBJISIIOTCS JIOCTATOYHO PA3PEKEHHBIMU (ITO ABJISETCS TUIIUIHBIM JIJIsT
GosbinHCTBa peasbHbix JIIT-3ama1).

B kauecTBe KOMIIPOMHUCCHOrO BapuaHTa BMECTO XpaHeHUsT MaTpuilbl N MOXKHO XpPaHUTh JTyOJim-
KaT MaTpuiibl A B paspekeHHOM cTpodHOM dopmare. DTO JaeT MPEUMYIIECTBO M0 CPABHEHUIO C
TeXHUKOI BukcOu, mockobKy MaTpuiia A ocTaeTcst HEU3MEHHOM [TpU Mepexoie K CMeXKHOMY 6a3mucy.
OHaKko B 9TOM Cjlydae HEloCpeCTBEHHOEe HCHojb3oBanue dpopmysbl (2.30) okasbiBaeTCsi HEBO3-
MozKHBIM. [TosTOMY BMecTo Bbrumc/eHIs BeKTOpa &), KaK JMHeltHoil KoMOMHaIul CTPOK MaTpuIsl N
IpeJIaraeTcs BBIYACIATH BEKTOP () KaK JIMHEHHYI0 KOMOMHAIIIIO CTPOK MaTPHILBl A:

m
ap = —ATp=— Z pi (i-s1 cTpoka mMaTpuIsr A). (2.31)
i=1

[TockousbKy cTos61bI N SIBJISIIOTCSI IOJMHOXKECTBOM CTOJIONOB A, TO ucnosb3yst coorHomenue (1.6)
TpebyeMblii BEKTOP &, MOXKHO cOOpPATh U3 COOTBETCTBYIONINX 3JIEMEHTOB BEKTOPA (yp. 3aMETUM, ITO
DY BBIYUC/ICHIH JINHEHHO! KOMOMHAIINY (v, BBIYUCIIAIOTCH <JIUIIHIE» 9I€MEHTHI (COOTBETCTBYIOIIHE
cronbiam marpuipl B),!7 mostomy sddexrusrocts dopmyiier (2.31) cHmKaeTcs ¢ POCTOM HHC/IA
HEHYJIEBbIX 3JIEMEHTOB BEKTOpa p. B ¢BA3M ¢ 3TuM ucnosb3oBaTh dhopmynay (2.31) npemmaraercs
JIIIB B TEX CJIy9asx, KOT/a 3all0JTHEHIe p He OU9eHb BeJINKO (ckazxkeM, He 6oiee 10%), a B ocTaIbHBIX
CJIydasiX BBIYHCIIATH 3JIEMEHTHI BEKTOPa &, KaK OObIUHBbIE CKaJIAPHbIE IPOU3BeIeHHs cTosI0noB N Ha
BEKTOD p.

Irumu «smmHEMEy 1eMenTaMu GyjIyT, OYEBHIHO, JIEMEHTHI eIUHUYHOrO BEKTOPA €p, TAK KAaK U3 (POPMYJIBI
(2.29) crenyer, aro BT p = e,
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3 BrpiObop Heba3ucHOIT IepeMeHHO

B coorBercrBHM € NPUHIUIMAJILHON CXEMOH CHMILIEKC-METOa, PACCMOTPEHHOW B KOHIIE IIOJI-
paszj. 1.3, Ha mare 2 TpeGyeTcst BBIOPATD MOJIXO/IAILY 0 HeOA3UCHYIO IEPEMEHHYTO (X N)q, U3MeHEHNe
KOTOPOii B JIOMYCTHMOM HAIIPABJIEHIN IIPUBOIUT K Y/IydImIeHnio (yMeHbITeHHIo) MeieBoil dynkim. 18
C reoMeTpuvecKoii TOYKH 3peHUsi BHIOOp HEeOA3MCHOI TepEeMEeHHOIl COOTBETCTBYET BBIOODPY pebpa
MHOTOI'PAHHOI'O MHOKECTBA JIONMyCTUMbBIX pernenuit JIII-3agaqn, ncxondiero nu3 TekyIneil BepIImHbI,

BJIOJIb KOTOPOT'O UMeeT MECTO YJIyUIleHue 1eseBoit hbyHKITIN.

IIycts J C {1,...,n — m} — MHOXKeCTBO HHJEKCOB HEOA3UCHBIX IEPEMEHHbIX (I );, OTHOCH-
TesIbHAs OIlEHKA d; KOTOPBIX MMEET «HeNpaBHIbHBIN» 3HaK. Ecmm J # &, To Tekymee 6a3ucHoe
penieHue He sABJIAEeTCA OIITUMAJIbHBIM, 1 B 9TOM CJIyda€ B KadeCTBe He6a3HCHOﬁ HepeMeHHOﬁ MOZKHO,
B IIPUHITHIIE, BRIOPATH JII00YIO 1epeMennyio u3 J. Takum obpazom, mpobiiema BoIOOPA COCTOUT B IIPH-
HATUU PENIeHns, KAKyI0 IMEHHO HEDA3UCHYIO IIEPEMEHHYIO CJIEIyeT BLIOMPATD HA KaK/IOH UTepaIun
CUMILIEKC-METOTA.

B nannOoM pa3zjesie pacCMOTPEHBI OCHOBHBIE CTPATErnu BhIOOpa HEDA3UCHOW MEPEMEHHOM, Oy~
YUBIIAE TPAKTUIECKOE TPUMEHEHHE.

3.1 IIpaBusio /lanmura

IIpasuso Janyuza [2] cocrout B BoIGOPE MOXOIsIIIEl HEOAZUCHOM MIEPEMEHHOl ¢ MAKCUMAJIBHOMN 110
abCOTIOTHON BeJIMIMHE OTHOCUTEIBHOI OIEHKOM, T. €. IIepeMeHHOil (& N)q, JUIA KOTOPOI

dg| = max|d;|. (3.1)

ITockosbKy 1Ipu n3MeHeHHN HeOA3HMCHOI epeMeHHO (v ); Ha BeJIMIHHY S IeseBast (DyHKIST 13-
MeHseTcs Ha BeJMIuHy d;s, To npasuio Jlanmura obecreunBaeT HanbobIee OTHOCUTEILHOE YTy -
IIeHue 1e/1eBoi (PYHKITUNU.

OCHOBHBIM TIPEMMYIIECTBOM IpaBujia JlaHIura sIBJsSIeTCsT €ero MpOoCTOTa, IMOITOMY OHO SIBJISIET-
¢ TPAJIUITUOHHBIM JIJIst TAOJUIHOTrO cuMILieKc-MeTojia. OHako dpakTuieckoe M3MEHEHUE IeJIeBOi
byHKIIUU TpHU IIepexojie K CMeXKHOMY 0a3ucy ONIpeHessieTCss He TOJbKO OTHOCUTE/ILHON OIEeHKOM
BBIOpaHHON HEDA3MCHON IepeMeHHOH, HO 1 (paKTHIECKUM H3MEHEHHNEM STOi IepeMeHHOi, T. e. Be-
nauHO O (1.23), KoTOpas 3aBuCHT OT BHIOpaHHO HebasucHoi mepemenHoil. IIpu sToMm, Kak
ITOKa3bIBaeT MPAKTUKA, UCIOJb30BaHne mpabuiaa lanmura npu permeHnn peaibHbIX JIl1I-3amad Bo
MHOTUX CJIYUSX HMPUBOJUT K CYIIECTBEHHO OOJIbIIEMY UMCJIy UTEpAIuil CUMILIEKC-MeTO/a, HeoOX0-
JUAMBIX IJId NOCTUXKECHUA ONTUMAJIBHOI TOYKH, IO CPABHEHMIO C APYTUMH, MEHEe TPUBHAJIbHBIMA
CcTpaTerussMu BbIOOpa HEOA3UCHOM ITePEeMEHHOI.

3.2 Metoa HauboJiee KpyToro peopa

B cBoeit crarse [8] II. Xappuc (P. M. J. Harris) 3amernia, 9r0 BO3MOXKHON HPUYIUHON CIIAIIKOM
l\/Ie,Z[JIeHHOﬁ CXOOMMOCTH CHMIIJIEKC-METOJa IIPU HCIIOJIb30BaHUU IIpaBUJIa ﬂaHHI/IFa ABJIAETCA €ero
acuMMerpust. JIefcTBUTEIbHO, 9TO NPABUIO OCHOBAHO HA MCIOJIL30BAHUU OTHOCHTEJBHBIX OIEHOK
d;j. OnHAaKO OIEHKa, KOTOpasl SBJISETC MAKCUMAJIBLHON 110 abOCOJIIOTHON BeJIMYHHE C TOYKU 3pe-
HUSL TEKYIIEro 6asmca yzKe MOXKeT He OBITh TAKOBOf ¢ TOYKHM 3PEHHsT CMEXKHOTO 6asuca, MOCKOJIbKY

1 .
8TTockosbKy HeGa3MCHBIE MEPEMEHHbIC COOTBETCTBYIOT CTOJIGIAM TeKyIrnel cumiiekc-rabiumel (1.8), To janmnyro
OIlepaIfio YaCTO HA3BIBAIOT 8bl00POM CMOAOUQ.
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CHMILTEKC-TabJINIA JIIs CMEXKHOTO 6asica HOIydaeTcsa B pe3yibTaTe JIHHeiiHoro npeobpasopamus,'?

KOTOpPOE HE ABJIFAETCA OPTOrOHAJIBHBIM, a 3HAQYUT, HEC COXPaHAECT PAaCCTOAHNA U YIJIBI.

st yerpanenust ykasannoii acummerpun, 1. Tonbadap6 (D. Goldfarb) u /Ix. Puy (J. K. Reid)
IPEJIOKUIIN UCIIOJIB30BATh Memod nauboaee kpymoezo pebpa (steepest edge) [9]. B coorsercrBum ¢
STUM METOOM IpPeIaraeTcs BIOUPaTh Ty MOAXOSILYI0 HEOA3UCHYIO HEPEMEHHYIO, JIJIsi KOTOPOM
HAIPABJICHNE, ONPEJIEIsIeMOe COOTBETCTBYIONMNM pebpoM, obpasyer Hambojiee OCTPBIH yrosl ¢ Ha-
UpaBjIeHHEM aHTUIPaJueHTa (B Cydae MUHUMU3AIUU) WU TpajueHTa (B CJlydae MAKCUMUBAINN)
11eJIeBoOM (PYHKITUN.

OranunrebHast 0CODEHHOCTh METO/1a HanboJjiee KPyToro pedbpa COCTOUT B TOM, UTO yKa3aHHBII
YTOJI U3MepsieTCsl B IPOCTPAHCTBE BeeX (6a3sMCHBIX M HEOA3UCHBIX) [IEPEMEHHBIX, & 3HAYWUT, HE 3aBU-
CUT OT TEKYIIEero 0asmca, MOCKOJIbKY MPOCTPAHCTBO BCEX MMEPEMEHHBIX OCTAETCs OJHUM U TEM 2Ke Ha
NPOTs2KEeHUN Beex ureparuit. B aTom cmbicse npasusio JlaHiura cOOTBEeTCTBYeT BLIOOPY pebpa MHO-
rorpaHHrKa, KOTOpoe TaK:Ke 00pasyer HanboJiee OCTPBI Yyrosl ¢ AaHTUTPATHUEHTOM (U TPATHEHTOM
B CIy4yae MaKCUMU3AIlUW) 11e1eBoi (DyHKIMU, HO TOJBKO B MEKYULEM NOONPOCPAHCMEE Heba3uc-
HOLT NEePeMeHHbiT, KOTOPOE 3aBUCUT OT TEKYIINero 0a3uca u, CJIeI0BaTeIbHO, N3MEHSIETC Ha KayK 0
UTEpaIu, YTO TPUBOJUT K IOSIBJIEHUIO aCUMMETPUU.

PaccmoTpum BBIBOJ, COOTBETCTBYIONINUX (POPMY.I.

Onyckas nepecranoBounyio marpuity I B opmyste (1.11), 3anmmiem rekyiee 6a3ucHoe perieHue
B BHJIE:
2¥ = (zp;an) = (€)1, (#B)m; (@N)1, -5 (TN )n—m]-

Teomerpuueckyu Touxa

SABJISIETCA TEKYIell BEePITUHON MHOTOTPAHHOTO MHOXKECTBA B ITPOCTPaH-
ctBe 6cex nepemennbix JIII-3amaun. Jlomyctum Tenepb, 9To HEKOTOpas Heba3WCHas MEepeMeHHAas
(xN);j momyunsIa eMHUYHOE IIpUpAIIEHNe, IIPUYeM BCe OCTajIbHble HeOGA3UCHBIE MEepPEMEHHbIE OCTa-

muck nemamenubiMu. U3 (1.8) ciaemyer, 4To B pesysbrare MOTYIUTCS CIEIYIOMAs TOUKA:

) = [($B)1 + flj, e, (CCB)m + fmj; (l”N)l, ceey (QSN)j +1,..., (:EN)n_m],

—

riae &1, ..., §mj — DJIEMEHTHl j-To cTojbna TeKyleit cumMiuekc-Tabunbl =. IlockonbKy ykazan-
Hasl CMeIleHHas TOYKA JIEKUT Ha IPSIMOil, MPOXoadIneil depe3 pedpo MHOTOIPAHHOTO MHOXKECTBA,
COOTBETCTBYIOIIEr0 HeOA3UCHOI IEePeMEHHOM (T );, TO HAIIpaBJIEHHE 9TOrO pebpa COBIIAIAET C Ha-
IIpaBJIEHUEM BEKTOPA-IIPUPAIIEHUS:

. . 0
Ar? =27 —x :(flj,...,§mj;0,...,1,...,0), (32)
IJie eJIMHUIR PACIOJIOXKeHa B HO3HUIHUI (TN );.

Hac mnTepecyeT yrou ¢; MexK1y HalpaBjeHHeM peOpa MHOIOrpaHHOTrO MHOXKecTBa Azl u rpa-
JUEHTOM I1eJieBoit pyHKImu Vz:

(A2 TV 2
= 3.3
O = AV 33
Jl1st ies1eBoit QYHKINM HMeeM 2z = ¢! & = cpTR + CNIN, OTKY/IA:
Vz=c=1[(cB)1,---,(B)m;(CN)1s- - (CN)n—m]- (3.4)

Bamerum, uto u3 dopmyi (1.15) u (1.16) ¢ yaerom onpeserenus (1.9) cienyer d = cy—NT B Tep =
= ="cp + cn. osromy, ucnombsys dopmyast (3.3) u (3.4), umeem:

(A27)"Vz = &j(en)i+ (en); = E] s + (en); = dj, (3.5)
=1

19310 nmpeobpasoBamme cOOTBETCTBYET OMHOMY IMary nckmodenus mMeroma Iaycca—2Kopaana.
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rje Z; — j-it crosbern TeKymeil CUMILIeKC-TabuIIbl, dj — OTHOCHTEIbHAsd OIeHKa Heba3nucHOM Ie-
pemennoii (xy);. Ioncrasiss nanee BbIparkeHHe JJIsi CKaJIsAPHOro mpoussegenus us (3.5) B (3.3)
OKOHYATEIHHO TIOJIY IUM:

d;
= 4 3.6
0825 = RV (3.6)
rie
m 1/2
Az = (> & +1 = (=g, + 1)Y2, (3.7)
192]) = el = (7e) V2 (3.8)

[TockonbKy rpajuedT 1esieBoi dyHknun Vz = ¢ = const He 3aBUCUT OT TEKYIIEro 6asuca, To
JIUIsT IPUMEHEHHsI MeTo/Ia HanboJiee KPyToro pebpa JOCTATOIHO 3HATH TOJIBKO OTHOCUTEIbHBIE OIIEeH-
K dj 1 HOpMbI BeKTopoB-nipupartenuii ||Axz’||. [Tpu stom BeiGop Hanbosiee moaXoIsIel HeOA3UCHOIT
LEPEMEHHOI! (X )4 OIIPeEeIsieTCst Ce Y IOMIM IpaBuioM (cp. ¢ npasuioM Janrura u3 noapass 3.1):

A |d;] |

_ _A [ bt/ B 3.9
TAwe] ~ 5 A ~ o &g, + (39)

B ciaydae TabIHYHOrO CHMILIEKC-METO/Ia BLIYHCIenne HopM |Az/|| ne BLI3bIBaeT 3aTpyiHenmii,
IOCKOJIBKY CHMILTeKC-Tabmma = = §;; JIOCTylHa B gABHOM BHJe Ha Kaxkaoi mreparuu. OgHaxo,
€CJIN UCIONIb3YeTCs MOIUMHUIMPOBAHHbIA CHMIUIEKC-METO/I, BBIYUCIEHHE OTAEJIBLHOrO cTosba =j,
HEOOXOIIMOTO JI7Tst Bhrauc/ienust | Az’ ||, TpeGyer mpumMeHenus: onepaIuu IpsMoro MpeobpazoBaHust
(FTRAN). ITosromy mpsiMoe BBIYHCIICHIE YKA3aHHBIX HOPM JJIsi BCEX HEOA3UCHBIX MEPEMEHHBIX XO-
TSI U BO3MOKHO, HO §IBJISIETCsI HEOIPABJAHHO TPYJIOEMKHUM, U3-3a Y€ro TakKoW crocod He HaXOIUT
[IPAKTUIECKOTO TTPUMEHEHUSI.

Yr0o6br M30aBUTHCS OT HEOOXOAMMOCTH SIBHOT'O BBIYUCIEHUS HOPM BEKTOPOB-IIPUPAINEHUN I
BCeX HEDA3NCHBIX [IEPEMEHHBIX Ha KayKJIOi UTepaluy CUMILIEKC-MeTo/ia, B pabore |9] 6bm mpeio-
JKeHBI (POPMYIIBI TIepecdeTa STHX HOPM IIPH IIePEXo/ie K CMEKHOMY 6a3ucy (110 aHaJIOruH ¢ Imepecte-
TOM KOMIIOHEHT Ga3UCHOrO perienus u3 nojipasj. 2.3). Pacemorpum BeIBOJ 9THX (hOPMYIL.

Beenem mia ymobcTBa BETUYUUHDL:

m
vi=lAdd|P=14+E]5=14+> &, j=1...,n—m, (3.10)
i=1
U JOIIYCTHUM, YTO IJI TEKYINEero 6a3uca 3TH BEIUYUHLI y2Ke U3BeCTHBI. JlomycTuM TakxKe, 4TO B
cMeKHOM basnce mepeMeHHast (Lg), CTAHOBHTCS HEOA3UCHOM, a (XN ), — OA3MCHOIA, T. €. BeILyIIuM
3JIEMEHTOM CHMIITIEKC-TabnIpl aBderca &,q. Hac naTepecyior dopMymnbl nepecdera BeJTdnH 7
JIJISI CMEXKHOT'0 6a3uca.

PaccmorpumM BHavaIe epecteT BeJIUUNHBL Y, JJIs Belylnero croubna (j = ). Mcmonssyst dop-
MyJIBI TI€pecteTa 971eMeHTOB cuMILIeKc-Tabunel (1.33)—(1.36) u3 moapasz. 1.4, nmeem:

N2
1+Z€lq1+£pq+zgqu+< > +Z<£Zq>
€ Epg

i#p i#p
3aMerum, 9To: , , , ,
o) (@) 2 (@) -2 (@)

2 (&) - (&) - 2\e,) ~tr2 e,
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II03TOMY::

e %)2:1 )
Vo = <£pq> +Z<5pq = <1+§i:€,q>,

OTKY/Jda OKOHYaTEJ/JIbHO CJIeAYyeT, ITO:
_ 1
Yq = = Vo (3.11)
Pq

PaccMoTpuM Temeph epecder BEIMYUH 7Yj JJIS OCTAJBHBLIX CTOJIONOB (j # ¢). CHOBa HCIONB3Ys
opmysibl iepecuera 3meMeHToB cuMiuiekce-Tabsuibl (1.33)—(1.36) u3 noxpasz. 1.4, umeem:

. N\ 2
—1+Z€U_1+5m+2§1—1+(gp]> +Z<§ij_§lq§m>
€pq Epg

i#£p i#p

3aMeTuM, 9To:

,,_fiquj>2: ( ,,_fiquj)2 < ,_qufpj>2:
Z (5” Epg Z s € o Epg

i i#p
_ o Siqpj ) ?
2 R~
IIO3TOMY:
2
7 — 14 (pr> +Z <£ij _ fz’quj> _
Epg i Epg
=1+ (‘pr> + 2512] + Z <5iquj> Z gugzquj —
Ep i ; Epg Epg
(1 + wa> (%) (1 + Zfzq> —2 (5’”> Zém&q
OTKy/1a:

= () -

Cymma g &ij&pq TPesICTaBIACT COOOH CKaJISApHOEe IIPOU3BEJIeHNe j-I'0 CTOJOIA CHMILIEKC-TaOINIbI:

i

(&) St
pq

i

= =, — n1 . — _p-1lar.
HJ—_e]—B Ne]— B NJ

U ee ¢-ro (Beiyliero) croybua Z,, H03TOMY:
=T= -1 = Tp-To
Z@prq =EjEg= (=B Nj)Zg = —Nj BT =,

Takum obpa3oM, OKOHYATELHO Oy INM:

T =5 + @Z) Vg +2 (2’2) NIB™TE,. (3.12)
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VcnonbzoBanue dbopmyiisl epecdera (3.12) rpebdyer 1ByxX omeparnuii 06paTHOro Ipeodbpa3oBaHust
(BTRAN) na ka0l urepanun MOAuQUIMPOBAHHOTO CUMILIEKC-METO/IA: OJ[HA Olepallis HyXKHA
JIIS. BBIMHUCJICHUS] 3JIEMEHTOB BeJIyIIeil CTPOKN CHMILIEKC-TaOIuIe! §, = (fpj),m a BTOpast — JJIst
BBIYHUCJIEHUs BeKTOpa B _TEq.

CJ'[G,Z[yeT OTMETUTb, 9TO MHOI‘OKpaTHI:Iﬁ nepecdeT BeJIMYUH ")/] BcCJIeACTBHUE OH_H/I6OK OKpPYyTIJICHN A
MOYKET MPUBECTH K 3HAYUTEIHHOMY OTKJIOHEHHMIO dTHUX BEJIUIUH OT MX TOYHBIX 3HAYeHWi. ITOOBI
YMEHBIINTH BIMsiHUE OIMOOK OKPYIVIeHusl, B pabore |3] mpejaraercs, BO-IIEPBBIX, UCIOIb30BATDH B
dbopmyie (3.11) He Tekyiee 3HAYEHNE Y, C IPEIbLILYIIE nTepanun, a 6o1ee TOUHOE 3HAYEHHE ITOIT
BEJIMYMHBI, BBIYUCJIEHHOE HENOCPEeICTBEeHHO 110 (hopmyJie (3.10):

9TO HE BBI3BIBAET 3aTPYIHEHHH, TOCKOJIBKY B CIydae MOIUPUIMPOBAHHOTO CUMILIEKC-METO/Ia BEIy-
il crosiber] TeKyIei CuMILIeKC-TabInIbl Zq = (&) ZOCTYIIEH B SIBHOM BHZE. Bo-BTOPBIX, MOXKHO
3aMEeTHUTDL, 9TO:

2
S\

3.14
£ (3.14)

_ =2 =2 =2 =2
V=14 Gy =148, +) & 21+8; =1+
( i#p

[losTomy, ecmu BeilegcTBIE ONIMOOK OKDYIVIEHHs 3HAYEHUE 7,4, BBIYUCIEHHOE 110 popMyIie (3.12),
OKa3bIBAETCsI MEHBIIIE, YeM IIpaBast 4acTh HepaBeHcTBa (3.14), To B KadecTBe 60J1ee TOTHOIO 3HAUCHHUST
7 TPeAJIaraeTcs UCIOIb30BaTh BEJIUIHHY B IIPABOIl TaCTH yKA3aHHOIO HEPABEHCTBA.

Homycrum, aro p-a (Bemymast) crpoka &, = (&pj) n ¢-it (Bemymuii) cronben =, = (&) TeKy-
Ieil CUMILIEKC-TaOJIHIbL y2Ke BhIYUCIeHbl. Torqa mpakTHIecKas CXeMa [HePecdeTa BEJIMIHH 7; JJIst
CMEXKHOI0 0a3nca MOXKeT OBITH CJIeIyIOIei.

1. BquHCHHTb 60JI€€ TOYHOE 3HAa4YECHUE ’yq JJIdd TeKyHiero 6a3I/IC&I
m
=1+ ) &
Vg = iq*
i=1

2. BeramcsinTh BCIIOMOTATENIBHBII BEKTOD, UCIONB3yst onepannio BTRAN:
—_pT=
u=B""&,.

3. Bommomaute nt. 4—6 g 5 =1,...,9q—1,g+1,...,n—m.

4. BeraucmTh BCIIOMOTATETBHYIO BEJTNINHY
75 = &pj/Epa-
5. BeramcsinTh BcromoraTeabHOe CKaJIIPHOE IPOU3BEICHUE:
s; =N jT U,

rae Nj — j-it crosber; Marpuis N, 1. e. crosbern Marpuibl Kosddunuenros orpanndennii A, coor-
BETCTBYIOMINIi HEOA3KMCHOIT MepeMeHHoi (T ).

203ameTM, 9TO 9T CTPOKA TAKIKe UCIIOIL3YETCs JTs TIePECYeTa OTHOCUTELHEIX OIEHOK HeGA3UCHBIX TIEPEMEHHBIX
(cm. mompaszm. 2.3).
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6. Beraucamre BesmHuny 7, Ui CMeKHOrO Gasuca:

¥; = max(y; + r?vq +2r;s5, 1+ 7‘]2)
7. Borauc/mTh BeMHuHy ¥, T CMEXKHOTO 6asmca;
Yo = Yol oo

[Mocsieaee 3aMeuanne KacaeTcsi UCHOJIb30BaHus npauia (3.9). UroObl n3bekarh M3BJIEUCHUST
KBa/[PATHOTO KOPHSI [IJIsl BbIOOpa HEOA3MCHON IepeMeHHOM ()4 110 MeToLy Hanbosee KpyToro peb-
pa, MOXKHO HCIOJIb30BaTh 3KBUBAJIEHTHOE IIPABUIIO:

d? d?

- =max-Z. (3.15)
Yy Jed 7y

[IpakTuueckoe pellenre 3a1a4 JUHEAHOrO IIPOrPaMMUPOBAHUS C HCIOIbL30BAHUEM METOa HAaM-
boJsiee KpyTOro pebpa B OOJBIIMHCTBE CIYYa€B IPUBOJIUT K CYIIECTBEHHOMY COKDPAIIEHUIO “UCJIA
ATepaluil CUMILIEKC-METO/1a 10 CPABHEHUIO CO CTAHIAPTHBLIM IIPABUJIOM BBIOOpa HEDA3UCHBIX IIEpe-
MEHHBIX, U KaK CJIEJCTBUE 3TOr0, K YMEHBIIIEHUIO ODIIEro BpeMEHH PeIeHus Jlazke ¢ yIeTOM TOro,
UTO HA KarXKIO0l UTepalii MPUXOANTHCA BBITOJIHSITH JOMOJIHUTEbHbBIE BHIUNCIEHNUS.

Opmako meron Hambojee KPyToro pebpa MMeeT OIUH CYIIeCTBEHHBIN MpaKTHIECKHH HeI0CTa-
ToK. Kak y»e ObLI0 OTMeYeHO Bblllle, MHOI'OKDATHLII IepecdeT BeJIMYMH 7y; Ha KaxKJoil urepanun
CUMILJIEKC-METO/Ia MOYKET IPUBECTH K 3HAYUTETHHOMY OTKJIOHEHHIO TUX BEJININH OT UX TOYHBIX 3HA~
YeHHUil BCJIEJICTBUE OIMNOOK OKpyT/eHus. [1o9ToMy B KaKOH-TO MOMEHT MOYKET BO3HUKHYTH HEOOXO-
JIUMOCTD IIPSIMOTO BBIYHUCJIEHUS 9TUX BEJIUYNH JJIsT TEKYIIEro 6a3muca HermocpeaCTBEHHO 10 (opMyJIe
(3.10), st gero TpebyeTcsi BBIYUCIUTE 6Ce CTOJIOIBL TeKyIei cumMinieke-Tabmipl. C npakTudecKoi
TOYKH 3PEHUSI ITO SBJISIETCS] HEIPUEMJIEMBIM, TaK KaK B CIydae MOJTU(PUITTPOBAHHOTO CHMILIEKC-
METO/Ia, BBIYMCJIEHHE OJIHOI'O CTOJIOIA CHMILIEKC-TAaOJIUIbl TPeOyeT BBLIIOJIHEHUsI OIHON Olepaliin
upsimoro tpeobpaszosanust (FTRAN).

AmnayornvaHasi CUTyalusi BOSHUKAET U TIePe]T BLITIOTHEHIEM CaMO# MepBO#l UTeparyuyu CUMILIEKC-
MeTOoJIa, KOI/la BeJIMYUHbI Y; elle He U3BecTHbI. Vcnosb3oBanue opMyibl (3.10) He BbI3BIBAET 3a-
TPYAHEHUH JIUITH B €IUHCTBEHHOM CJIydae, & UMEHHO, KOT/Ia Hada bHBIH 6A3MC TOJTHOCTHIO COCTOUT
U3 BCIIOMOTaTe/ILHBIX IIEPEeMEHHBIX OrpaHmueHmii?! (T. e. KOrja BCe MCXOMHBIE CTPYKTYDHBIE Hepe-
MeHHBIe SBJIAIOTCA HeGA3MCHBIME), TIOCKOJIBKY B 9TOM ciydae B = I, Tak uto Z = —B7!N = —N.
O/iHaKO CTaHIAPTHBINA HAYAJBHBIN OA3UC SABJISETCS B HEKOTOPOM CMBLIE UCKJIIOYEHUEM, TTOCKOJIbKY
BCe COBPEMEHHBIC ITaKeThbI JINHEITHOT'O OporpaMMUPOBaHUA HCIIOJILB3YIOT T€ WJIM HMHbIE IIPOIE/yPbl
Jtst (GOPMHUPOBAHUS MEHEE TPUBUAJIBLHOTO HavdabHOrO H6asuca. To 2Ke camMoe OTHOCUTCSH U K [TOBTOP-
HOM ONTUMU3AIINN, HAIIPUMED, IIPU MCIIOJIH30BAHNN TEXHUKN T'e€HEPAIlnN CTOJIOIOB, I/le HAauaIbHBIM

6a3UCOM CJIY2KUT ONTUMAJILHBIN 6a3UC pelyIIuPOBAHHON 3aa4u.

21 BgeieHne BCIIOMOTATETbHBIX HEOTPHIATEIBHBIX M/ HEMTOJOKUTEIHBIX TEPEMEHHBIX B OMPAHIYEHNST 32,144 SIB-
JISIETCsI CTAHIAPTHON TEXHUKOM Mpeobpa30BaHMs HEPABEHCTB K BUJY PABEHCTB.
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3.3 Ilpoeknmonnwblii MeToa HauboJjiee KPyToro peopa

Ipoexyuornviti memod naubosee KpYymMoz20 pebpa SIBJISETCS PA3BUTHEM METO/a Hambojiee KpyToro
pebpa, pacCMOTPEHHOIO B IpeablaAyIeM noapasaeie. OCHOBHAsSI Hesl 3TOO METO/a COCTOUT B TOM,
9TOOBI U3MEPSTH YIUIbl 0 (3.3) He B IIPOCTPAHCTBE BCEX IepeMeHHBbIX K™, a B HEKOTOPOM IOJIIPO-
crparcTBe V' C E™, Ha3bIBAEMOM 3MAAOHHBIM, KOTOPOE TAKKEe OCTAETCSI HEM3MEHHBIM Ha, IIPOTSIZKe-
HHUM JOCTATOYHO OOJIBIIOrO YKMC/Ia UTEPAIMi CUMILIEKC-MeTo1a. JIpyruMu cjoBaMu, B 9TOM METOIE
BMecTO opmysbl (3.3) ucnosbayercs: popmyiia:

(AI{'/)TVZV

==V (3.16)
1Az (|| Vav |

5 @5

rae Aw{/ u Vz2y — OpOEKIINN, COOTBETCTBEHHO, BEKTOPOB Az7 u Vz na sTajonHoe HOJAIIPOCTPAHCTBO
V. Ilpu aTOM € IPAKTHUYECKOI TOUKN 3peHust HanboIee MOIXOSIINM STAJOHHBIM [TOJIITPOCTPAHCTBOM
SIBJISIETCST KOOPOUHAIMHOE NOONPOCTNPAHCINGO, ONPEJIEIsieMOe HEOA3UCHBIMU TEPEMEHHBIMU HA HEKO-
TOPOil TPOU3BOJILHO BHIOPAHHOW UTEPAITUU CHMILIEKC-METOIA.

IIpumenarue. IIpaBoMOIHOCTH BBIOOPA MOMIPOCTPAHCTBA HEOA3UCHBIX IEPEMEHHBIX B KAUeCTBE
9TAJIOHHOTO WMeeT cJiefyroiiee obocHoBaHue. lIpu paccMoTpeHUH TaOJIMIHOIO CHUMILIEKC-METOA
(cm. mompasa. 1.4) 6b10 0OTMeueHo, U4To npeobpazoBanHast 3ajada (1.25)—(1.28), umeromast MecTo
HA OTJIEJILHON HTepanui CUMIJIEKC-MeTOJIa, dKBuBajienTHa ucxoanoii JIIT-zagage (1.1)—(1.3). Ec-
JIN UCKJIFOUYUTH Oa3UCHBIE TIepEMEHHBIE U3 MPeodPa30BaHHON 3a/1a4M, TO MbI ITOJIYIUM CJIEILYOILYIO
PEQYUUPOSAHHYIO 3aTATY:

zZ = deN + dgp — min

Ip<Zxny+g<up
In <zxzy <un

DTa peaynupoBaHHas 3aJa4a, OYEBUJIHO, TaKKe SKBHBAJEHTHA WCXOIHOW 3ajade, HO BKJIOYAET
TOJILKO HEDA3KMCHBIE TIEPEMEHHBIE UCXOTHON 38111, KOTOPhIe MOXKHO PAacCMAaTPUBATh KaK OOBITHBIE
IIepeMeHHbIe PeIyIUPOBAHHON 3a1a49u. TakuM 00pa3oM, IMPOCTPAHCTBO BCEX IEPEMEHHBIX PeLyIn-
POBaHHOI 3a1a491 — 3TO HOAIPOCTPAHCTBO HEOA3UCHBIX [IEPEMEHHBIX NCXOTHOM 381891, BRIOpaHHBIX
Ha COOTBETCTBYIOIIEH nTepanun cuMmiLieke-meroa. CrenoBaTeibHO, METO T HanboJjiee KpyToro ped-
pa B IPOCTPAHCTBE BCEX NEPEMEHHBIX MPUMEHUTEJHHO K PEAyIUPOBAHHON 3ajlavde dKBUBAJEHTEH
MIPOEKIIMOHHOMY METO/y Hambojee KpyToro pedpa B IOANPOCTPAHCTBE HEOA3UCHBIX MTEPEMEHHBIX
MMPUMEHUTEJIFHO K MCXOJIHOM 3a/ade.

PaccMoTpuM BBIBOJ| COOTBETCTBYIOMUX (HbOPMYJI, TI0J1arasi, 4T0 BeKTop-nipupaiienne Az’ umeer
Bz (3.2).

[Iycts V' — sTasionHoe KOOp/MHATHOE MOJIIPOCTPAHCTBO IIEPEMEHHBIX, KOTOPOE IEPBOHAYAILHO
(T. e. HA HEKOTOPOIi NMPOU3BOJILHO BBIODAHHON UTEPAIUU CUMILIEKC-METOJ/A) COBIAIAET C OAIPO-
CTPAHCTBOM HEOA3WCHBIX TepeMeHHBIX. OmpesieinM CJIeyIoNIne BCIIOMOTaTeTbHbIE BETMIUHDI JIJTsT
TeKyIero 6asuca:

1, ecm ()i €V

i = { 0, ecmu (zp); €V (3.17)
[ 1, ecmmn (zn); €V

0 = { 0, ecmu (zn); €V (3.18)
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Omyckas jijist IPOCTOTHI epectanoBounyio marpuiy II 8 dopayie (1.11), MoxKHO cunTaTh, 9TO
Azl = (Azly; Axly) u Vz = (Vzp; Vzy), rae nogsexropsl Azl u Vzp cOOTBETCTBYIOT 6a3mc-

HBIM II€epEMEHHBLIM T p, a IIOABEKTOPLI A.’Egv " VZN COOTBETCTBYIOT HeOa3UCHBIM IIEpEMEHHBIM T N .
HOSTOMy IPOEKINN YKa3aHHbIX BEKTOPOB Ha IIOAIIPOCTPaHCTBO \%4 6y,HYT PaBHBI:

Aac{‘/ = (nAach; (5Axg\,), (3.19)
Vzy = (nVzp;dVzy), (3.20)

rae n = diag(n;), § = diag(é;) — nmaronasnpnsie (0,1)-marpuner. (IpyruMu cioBaMu, MpOEKIUs
BEKTOPa Ha IOANPOCTPAHCTBO V IOJIydYaeTcss B Pe3ysIbTaTe 3aMEeHbl HyJISIMU Te€X €ro KOOD/IUHAT,
KOTOpBIE He BXOJsT B V.)

O6paruMcsi BHAYaJIe K CKAJISIPHOMY MPOM3BejieHno B uucautene (opmyist (3.16). Ucnonb3ys
coorromtenus (3.19) u (3.20), a TakKe y9IUTBIBAs, 9TO 1)1 =1 1 01 6 = &, TOTYTHM:
(Az])TVz2y = (Aap) 0 nVep + (Axl) 1670V 25 = 1)

= (Ax%)TnVzp + (A2))T0Vzp = (A27) TV zy.

B s060Mm 6a3uce ucxoauas nenesas dynknust (1.1) sKkBuBajieHTHA 11€71€BO# (DYHKIUU TPeodbpazo-
panHoit 3aiaun (1.25).22 Crenosarensno, mpn ncnosb3osanui dhopmysst (3.16) MBI BIpaBe cIUTaTh,
9TO HAYUHAS C TON UTEPalny CUMILIEKC-METO/IA, KOT 1A BBIIOJIHIETCS (DUKCAIIS STAJIOHHOTO MIOJIITPO-
crpancTBa V', MBI BMECTO HCXOIHOI 1es1eBoil (byHKIME 2 = ¢! & 4 ¢y UMeeM JIeJI0 C IK6UBAACHMHOT
1eJsieBoil (pyHKIIMEH Mpeodbpa3oBaHHON 3a1a9u z = dlzn + do s YKa3aHHOW Ha4daJIbHOW uTepa-
UM, KaK ecyim Obl UCXOHOH ObLia 9Ta SKBUBAJCHTHA IesieBad pyukmnusa. [lockoibky ke Ha 3TOit
HavaspHON ureparuu 6 = diag(d;) = I (emmmmunas marpuna), To Vz = Vzy = (0;d), oTkyzna ¢
ydaeroM (3.5) ciejyer, 4To

(Az) TV 2y = (A2?)TV 2 = d;. (3.22)

BasKHO OTMETHTD, YTO OTHOCHTENbHBIE onenkn d; = (Ax/)Vz n1a ncxomnoit nenesoit byHKImm
z=c'z+com d; = (Az?)T'V 2y s sxBuBasenTHON neesoit bynkmun z = d! xx +do (tne d n xy
OTHOCSTCSI K UTEPAIU, Ha KOTOPOii MPOMCXOANT (DUKCAIHs STAJOHHOIO TOIIPOCTPAHCTBA) OyLyT
OJIHUMHU ¥ TEMHU K€ Ha BCEX IOCJIEAYIOMNX UTEPAIUAX CUMILIEKC-METO/Ia, BCJIEICTBIE SKBUBAJIECHTHO-
cTi nesteBeIX gynkmmit. IlosToMy /71 BhIYMCIEHNA OTHOCUTEIBHBIX OIEHOK dj, KOTOPbIE OTHOCATCS
K 9KBUBAJIEHTHOII 11eJIeBOil DYHKIINN, HUKaKasl 3aMeHa KO3 PUIIMEHTOB UCXOTHO 11e/1eBoil (hyHKITNT
e TpebyeTcs.

IMoscranoBka ckaisipHoro npousseiennst u3 (3.21) B aucanrens dhopmyssr (3.16) ¢ yaerom (3.22)
JlaeT CliejlyIolee BhIPasKeHUe Jisd MHTePecyIomero Hac yria (IoJYepKHeM, YTO Teleph Mbl pac-
CMaTPHBAEM yroJl MeXKy HpoekIueil Bekropa-npupainenus ||Aa7, || u npoekuueii rpauenra || Vzy ||
IKBUBANEHMHOT T1eJIeBO (DYHKIMI, YTO OJHAKO HE MEHsSIeT CyIecTBa Jiesa):

d;

= (3.23)
[Azy [ Vv |

Scpj

22[lenesyio dynkmmo mpeobpasosannoit 3amadu (1.25) MOKHO IOy YHTh BEIYHTAHMEM 3 HCXOIHOM IesIeBoit dhyHK-
uu (1.1) suneitHoit KoMGuHanMy orpanndenuii-pasencTs (1.2), ecau B KadecTBe K03(DDUIMEHTOB 9TOH JTMHEHHON KOM-
GUHAIMU UCTIOJIL30BATH CUMILIEKCHbIE MEHOKHUTEH T; (1.16). SBameTnM, 9T0 K09DDUIUEHTDI OTAETHLHOTO OrPAHUIECHH S~
PABEHCTBA ONPEETAIOT BEKTOP, OPTOTOHAILHBIN K MJIOCKOMY MHOXKeCTBY (adduHHOMY OAIPOCTPAHCTBY ) TOYEK, Y0~
BJIETBOPSIONIUX CUCTEME OrpanudeHnii-papercTs (1.2), mosroMy JnHeiiHAas KOMOMHAIMS TAKUX BEKTOPOB TaKKe Oyzer
06J1aJIaTh 3TUM CBOWCTBOM OPTOTrOHAJBHOCTH. OTCIOJIa CJIEIyeT, YTO T'PAJIUEHTHI SKBUBAJEHTHBIX IEJIEBbIX (DYHKIIHIA
OTJIMYAIOTCA APYT OT APYyra JIMIIb 3TOU OPTOrOHAJLHOI COCTaBJIAIONIECH.
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Tak kak Vz = const u 9TajoHHOE TOAIPOCTPAHCTBO V' HE 3aBUCUT OT TeKyIero 6asuca (ocraeTcs
Hem3MeHHbIM), To V2 = const.?? TlosToMy /Isi IPOEKIMOHHOr0 MeTOoa Hanbosee KPyToro pebpa
BBIOODP Hanboslee MOIXO/sIIIe HeOA3UCHOIT IIePEMEHHOM (L ) OIPEeIeIISIeTCs CIEY IOIIIM ITPABUIIOM:

|y |51

= max — (3.24)
BT~ 52 e

KOTOPO€ siBJISIETCsI aHAJI0roM npasusia (3.9) jyisi 06braHOr0 MeTosia Haubojiee KpyToro pebpa (M.
nozipasi. 3.2).

ITepeiizem Tenepb K HOPMaM IIPOEKIHil BEKTOPOB-TIPUPAIIEHUIT Ha 3TAJOHHOE MONPOCTPAHCTEO.
U3 dbopmya (3.2) u (3.19) caeyer, aro

Azl = (m&ijs - - €m0, - 65, -, 0), (3.25)
OTKYy/1a:
m 1/2 1/2
A = (Y me+0; ] =D &+o] . (3.26)
=1 1€ER

rme R={i:m =1} ={i: (zp); € V} — MHOXKeCTBO HH/IEKCOB OA3NCHBIX II€PEMEHHDIX, IPUHA/IJIe-
KalluX 3TAJIOHHOMY IIOAIPOCTPAHCTBY.

Bsenem g ymobcTBa BETUYUUHDL:
vi= AL P =6+ & j=1,...,n—m, (3.27)
i€ER

KOTOpBIe aHaJIornIHbl BeandunaM (3.10) B o0branom MeTose Hanbosee KpyToro pebpa, u J0MyCTuM,
9TO JIsS TEKYIIero 0aswca TH BEJIMUYMHBI y2Ke M3BeCTHbL JlomycTuMm Takike, 9TO B CMEKHOM Oa-
3uce IepeMeHHast (L), CTAaHOBUTCH HEOA3MCHON, a (TN), — OA3MCHON, T. €. BeIyIIUM 3JIEMEHTOM
CHMILJIEKC-Tab b siByIseTCs &g, Hac mHTepecyror dhopMyiisl epecyera BeJMYnH Y JIJIsl CMEZKHOTO
6asuca.

Paccmorpum BHauasIe IepecyeT BEeJIMIUHBI Y, It Beyero croibna (j = g). B coorsercrsuu ¢
(3.27) nmeem:

iq = gq + Zgi]

Tak xak B cmMexkHOM Gazmce nepeMenbie (Tg)p U (TN )g MEHAIOTCS MECTaMH, TO 1), = 0g, 0q = 1)y 1

R\{p} = R\{p}. Hosromy:

_ = _=2 —2 —2 —2
Vg = 0q +TpSpg + Z §ig = Mp + 0q8pg + Z Eig:
i€R\{p} i€ R\{p}

&l
qu

23QueBuno, uro Vz = V2y B COOTBETCTBUM C OLPELEICHIEM IAHHON SKBUBAJICHTHON LIEJICBOM byHKIHN.

Ucnonesyst bopmyinst nepecuera (1.33)—(1.36), mosrydnm:

2
B 1
Vg = Np +0q () +
&b i€R\{p}
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3ameTnm, 9TO:

giq 2 §iq 2
() =+ 2 (&)
ieR\{p} P

é»‘ 2 5 2
S (Er) =m(E)
icR \SP4 g ieR\{p}

2
Wq = 5q <1) + Z <§Zq> 5 + Zglq )
qu i€R qu gpq icR

_ 1
Y¢ = 7= Vg (3.28)
Prq

IIO3TOMY:
OTKYZa CJIeJIYeT, UTO:

PaccmoTpuMm Tenepb mepecdeTr BeJIUMYUH Y, JJls OCTaIbHBIX CTOJIOIOB (j # q). B coorBercTBum ¢

(3.27) umeem:
_ = =2
7 =8+ &
i€ER
IockombKy j # ¢, 1o 6; = 6;. U, xak yzxe GbL1o ormedeno sbune, 7, = 6, u R\{p} = R\{p}.
[TosTomy:
_ = 2 ) ) =2
V=0Tt Y G =00+ D &y
i€R\{p} i€R\{p}
Ucnonbayst bopmysier nepecyera (1.33)—(1.36), nomyuanm:

. 2 . . 2

i€eR\{p}

3aMeTum, 9To:

e\ 2 A\ 2 N2
Z <£U . fzqu]) = (fpj . gptzfm) + Z (5” . fzqu])
€pq Epg Epg

iR i€R\{p}

— o fiquj > 2
> (a2

i€R\{p}

IIO3TOMY:

. 2 . . 2
maen () + 3 (62 -

1€ER
— 5j + 5q <£Pj Z 4 Z <§1q£pj) Z gzjgzqug _
pq i€ER i€ER i€R gpq
i€R $pa i€R P17/ ieR

OTKYZJa CJIeJIyeT, UTO:

V=7t (g;) Vg — 2 (?;2) Z&jﬁicp

1€ER
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m
Cymma Z&jfiq = Z &iiNi&iq TpeacTaBageT coboil CKaIgpHOe IPOU3BeIeHNe j-TO CTOJIONA CHMII-
i€R i=1
neke-tabmunpt 25 = (&) = —B7LN; u sexropa HE,, e = = (&q) = —B71N, — ¢-it (Beyumif)
crosiber, cumiuiekc-rabaunbl, H = diag(n;) — auaronajibHasi MaTpuIia, COCTaBJIEHHAS U3 BEJIHMYNH
n; (3.17). Tosromy:
> &g =E] (HE)) = —N/ B "HE,.
i€ER

Takum obpazoM, OKOHYATEHLHO Oy IUM:

2
= (22) 2 (%) s, a0
Pq Pq

MozkHO BujieThb, 910 (hopMyJibl iepecdera (3.28) u (3.29) coBuaJalT ¢ aHAJOTUIHBIMU (DOPMYJIa-
v (3.11) u (3.12) mst o6prarOro MeTosa Hanbosee KpyToro pebpa. Enquncreennoe otimane cocTont
B TOM, 4TO B (hopmyiie (3.12) obparHoe npeobpasoBaHue IPUMEHSIETCSI HEIIOCPEICTBEHHO K BEJLyIIe-
My CTOJIOILy CHMILIEKC-TabIIuIBl =g, a B dopmyte (3.29) — k BexTopy HE,, KOTOPBIil MOy YaeTCst
3aMEHON HEKOTOPBIX JIEMEHTOB BEMYIIEro CTOJIONA HyasMu. Takum obpa3om, oba MeTO/a MMEIOT
OJINHAKOBYIO BBIUNCJNTEJIBHYIO TPY/I0EMKOCTb.

Kak u B ciayuae oObranoro Mmeroa HanboJiee KpyToro pebpa, MHOTOKPATHDIN IT€PeCcIeT BeJIUINH
v; mo dopmyaam (3.28) u (3.29) MoXkKeT HPUBECTH K OTKJIOHEHHIO STUX BEJMYHH OT UX TOYHBIX
3HAYEHUl BCJIEJCTBUE OMIMOOK OKpyrJieHus. [1oaToMy, 4TOOBI yMEHBININUTD BJIUAHAE TAKUX OIIUOOK,
MOKHO MPUMEHSTDH Ty YK€ TeXHUKY, 4To u panee. Tak, B dopmysie (3.28) pekoMeHIyeTcst UCIOIb30-
BaTh He TeKylllee 3HaUCHUe Y, C IpeJIblIyleil nrTepalyuu, a 6ojiee TOYHOE 3HAYEHUE 9TOI BEeJTMIUHBI,
BBIUUCJIEHHOE HENOCPEICTBEHHO 10 opmyite (3.27):

Vg = 0q + Z 512(;- (3.30)
i€ER

Kpome Toro, MoxkHO 3aMeTUTD, YTO:

_ = =2 =2 =2
Vi :5j+251;j = 0j + 0g€p; + Z §ij =
i€R i€R\{p} (3.31)

2
> 8+ 046, = 0; + 0q (Z’(z) :

Taxmm obpasoM, ecqam BCJI€ICTBHE OMMOOK OKDYIVIEHHsl 3HAYEHUE 7, BBIMACIEHHOe 1o dopmyIe
(3.29), oka3sbiBaeTcsi MeHbIIE, YeM IpaBas 9acTh HepaseHcTBa (3.31), To B KauecTBe 6oJjiee TOIHOTO
3HAYEHUs 7Y; UMEET CMBIC/I UCIOJIb30BATh BEIMIUHY B IPABOil YaCTH yKa3aHHOTO HEPABEHCTBA.

Homycrum, uro p-st (Bemymiast) crpoka &, = (&p;) n ¢-it (Bemymuit) cromnbery =, = (&iq) TEKy-
meﬁ CI/II\IHHGKC—T&6HI/IHBI y2Ke BBIYHCJICHDBI. TOF,Z[& IpaKTUYIeCKasd CXeMa IlepecdeTa BeJINIUH "}/] JLJISL
CMEXKHOTr0 0a3muca B COOTBETCTBHUH C IIPOEKITNOHHBIM METOI0M HanboJjiee KPpyToro pebpa MoXKeT ObITh
CaeayIoneit.

1. BeraucmuTh 60Jiee TOUHOE 3HAUEHUE 7Y, JId TeKyIlero basuca:

Vg = 5(] + Z&Qq

i€R
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2. BoraumesimTh BCcmoMoraTeTbHBIH BEKTOP, UCTOb3yst oneparmio BTRAN:
T —_
u=B""(HE,),
riae H = diag(n;) — aumaronanbHasi MaTpuIia, COCTaBJICHHAS U3 BEJMYUH 1);.
3. Bomosauts niit. 4—6 g j=1,...,q—1,g+1,...,n—m.

4. Beraucanrs BCIIOMOT'aTeJIbHYIO BEJIMINHY:

i = &pj/Epq-
5. BbIYMC/INTE BCIIOMOraTeIbHOe CKAJISPHOE IPOU3BeIeHHeE:
AT
sj = Nj u,

riae Nj — j-it cronber; maTpunpsl N, T. e. cToI0€I] MaTpUIbl KO3 PUIIEeHTOB orpanndennit A, coor-
BETCTBYIOMINI HEOA3KMCHOI MepeMeHHoi (TN ).

6. Berancurs BesmuuHy 7, i CMeKHOIO Oasuca:

7; = max(7; + TJQ"Yq + 2rjs5, 0i + 5q7"]2')-

7. Beraucuro BEJIMIUHY iq JJIgd CME2KHOI'O basuca:

— _ 2
7q - /YQ/é'pq' |
[MocsieiHee 3aMevanne KacaeTcs UCHOJIb30BaHust pasuia (3.24). YTobbl He U3BIEKATH KBAPAT-
. j o 1/2 . .
HBI KOPEHb JIJIsl BRIYUCICeHHE HOPMBI ||Ay, || = 7;'" 1pu BbIOOpE HEGASUCHOMN IepeMeHHOI (xN)q,

MOYKHO HCIIOJIb30BaTh SKBUBAJIEHTHOE IPABUIIO, KOTOPOE CoBHajaer ¢ mpasuioM (3.15) u3 nou-
pazm. 3.2:

dg _ 4
— = max —. (3.32)
Yq Jed ;5

[Ipoekimonnblit MeTo1, HanboIee KPYTOrO pedpa MMeeT Te ¥Ke TOJIOKUTE/IbHbIE CBONCTBA, 9TO U
OOBIMHBII MeTOT HanboIee KPyTOTO pebpa B IPOCTPAHCTBE BCEX MepeMeHHbIX. OTHAKO BO3MOXKHOCTD
nepeonpedeserus ITAJOHHOTO MOIIPOCTPAHCTBA HA JIFOOON UTEepaIuu CUMILIEKC-METOA [TO3BOJISET
n30aBUTHCS OT OCHOBHOI'O HEJIOCTATKA, MIPUCYIIEro OOBIMHOMY METOy HamboJiee KPyToro pebpa u
CBSIBAHHOI'O C HEOOXO/IMMOCTBIO BBIUHMCJIEHUS] BCEX CTOJIOIOB CUMILIEKC-TAOJIUIHI.

Hauganbmoe olpejgesjieHnue (I/IHI/ILLI/Ia.J'II/I3aU,I/IH) n 1epeoIpejie/jienue 3TaJOHHOTO IIOAIIPOCTPpaHCTBa
BO3MOXKHBI Ha JIIOOOM nrepanun CUMIIJIEKC-METOJa U COCTOAT B TOM, YTO 3TAJJOHHBIM IIOJIIPOCTPAH-
CTBOM CTaHOBHUTCH TeKYIlee IOJAIIPOCTPaHCTBO HeOA3UCHBIX IIEepEMEHHDbIX. B coorBercrBuuM ¢ CbOpMy-

maamu (3.17) u (3.18) sro o3nadaer, 4o 1; = 0 g Bcex @ = 1,...,m (asHaunt, R = @) n 0; = 1 naa
Beex j = 1,...,n—m. Takum o6paszom, Kak 310 cieayer us (3.27), cpa3y nocjie HHUIUATU3AIMN LI
HepeolpeIeIeHUsT STAJIOHHOTO IOAIIPOCTPAHCTBA UMeeT MecTo v; = 1 g Beex j = 1,...,n —m.

[TockombKy TPOEKIMOHHBIN MeTon Hambosee KPyTOro pebpa OCHOBAH Ha M3MEPEHUU YIJIOB B
HOJIIIPOCTPAHCTBE, a HE BO BCEM [IPOCTPAHCTBE IIEPEMEHHBIX, TO BPeMsl OT BpeMeHU (HAlpUMeD, Yepe3
kaxkple 500 nau 1000 urepaluii CUMILIIEKC-METO/[a) PEKOMEH LYETCsl BBIIOJIHATD [IEPEOIPe/IeIeHIe
STAJIOHHOT'O TIOIIPOCTPAHCTBA.

B sakarodenne orMeTnM, UTO MPOEKITMOHHBIN METO HanboJiee KPyToro pebpa 1o CyIecTBy COB-
najaer ¢ MetojgoM orenuBanus Devex [8] (em. mompasz. 3.4). OcHOBHOe OTJIMYME COCTOUT B TOM,
9TO B JIAHHOM METOJIE BECOBbIE MHOXKUTENN 7y, (3.27) IIepecuuThIBAIOTCS TOYHO, KAK 3TO OBLIO Ipe/-
noxeno B crarbe [10] X. punteprom (H. J. Greenberg) u /Ixx. Kananom (J. E. Kalan), a B metone
Devex ncnosb3yercs ux JOCTATOYHO I'Pybast alllpOKCHMAIIUSI.
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3.4 Meton onenuBanuga Devex

Memod ouenusanus Devexr — 310 MeTOH, BbIOOpa HEOA3UCHON IEPEMEHHOM, KOTOPbINA ObLI IPEIo-
xken I1. Xappuc (P. M. J. Harris) upu paspaborke cucrembl Devex [8]. Xappuc nepsoit obparusia
BHUMAaHIE HA aCUMMETPHIO IpaBujia JlaHIura u ucxo/si U3 3MIUPUIECKUX COOOPAKEHUil Mpeio-
JKUJIa U3MEPSTh yroJI MEXKJIy BBIOMpaeMbIM HaIlPABJIEHUEM W PAIUEHTOM IeJIeBOil (DYHKIINKM He B
TEKYIIEeM IOAIIPOCTPAHCTBE HEOAZUCHBIX IIEPEMEHHBIX, KOTOPOE M3MEHSIETCS Ha KarKJIOH UTepalyn,
a B (pUKCHPOBAHHOM (9TAJOHHOM) TOIIPOCTPAHCTBE.

Wcropuueckun mMeTon oleHuBaHus Devex ObLI IEPBBIM METOIOM BbIOOpa HEDA3UCHON IepeMeH-
HOI'?I'7 B KOTOPOM HCIIOJIB3YETCA n/aed 3TaJIOHHOI'O (HeI/I31\1€HHOFO) IIOJIIPOCTPpaHCTBA. STOT MeTO/, 110
CYIIECTBY COBIIAJACT C MPOEKIIMOHHBIM METOIOM Hambosiee KpyToro pebpa (cm. moapasz. 3.3). Ero
eJIMHCTBEHHOE OTJIMYHE COCTOUT B TOM, UTO JJIs Ilepecdera MaCIITaOUPYIONUX BeJIMYUH ; (3.27)%
Xappuc UcIoab3yer NpUOInKEeHHY 0 (POPMYITY, KOTOPYIO MOXKHO MOy IUTh n3 (hopmyust (3.29), econ
OTOPOCHUTD IOCJIEIHEE CIATaEMOE:

&3\
. <m> Y. (3.33)
gpq

B nansOM cirydae Tpebyercs JIMIb OjHa oneparysi obparnoro npeobpasosanus (BTRAN) ma kax-
,ZLOI71 nrepamnuu CUMILJIEKC-MeTOda JJIsd BBIYHUCJICHUA 3JIEMCHTOB Be,uymef/i CTPOKH CI/IMH.HGKC—T&6JII/IIIBI
& = (&), nosToMy Henob30BaHEE METO/IA OleHnBaHUs Devex M03BOISeT COKOHOMUTD OJIHY Ofie-
parmio BTRAN Ha kaxk/10#f urepaiuu 110 CpaBHEHUIO ¢ METOJaMu HaunboJjiee KPpyToro pebpa.

Homycrum, aro p-s1 (Bemymast) crpoka &, = (&pj) u ¢-it (Bemymuii) cronben =, = (&4) TeKy-
el CUMILIEKC-TabJIHIbL y2Ke BhIUUCIeHbl. Torja npakTHdeckas cXeMa [HepecdeTa BEJIMIHH 7y, JIJIs
CMeXKHOro 6a3uca B COOTBETCTBUH C METOJIOM olleHnBaHUsl Devex Moxker ObITh ceiyrorneii. (31ech
CUMUTAETCs, YTO ITATOHHOE MOIPOCTPAHCTBO V' IIEePEMEHHBIX OIPEIE/IEHO TOCPEICTBOM BEJTMYUH 7);
(3.17) m 6; (3.18) To4HO TaK Ke, KAK U B CJIydae MPOEKIIHOHHOIO MeTO/a Hanbosiee KpyToro pebpa.)

1. Berauc/muTh TOUHOe 3Ha4YeHne BeJIMUUHbBL Y, JIJIs TeKylero dasuca:
— E 2
Yq = 5q + giq:
i€ER

rie R ={i:mn =1} = {i: (zp)i € V} — MHO)KeCTBO MHJEKCOB GA3UCHBIX HEPEMEHHBIX, HIPU-
HaJIJTEZKATIMX ITAJOHHOMY OJIIPOCTPAHCTBY. (3aMeTnM, 910 B cOOTBeTCTBHU ¢ (bopmyJtoi (3.33)
BeJIMYHHbI 7Yj MOHOTOHHO BO3pacTaioT. [I09TOMy €Ciii BHIYHC/IEHHOE TOYHOE 3HAYEHHE Yq SHAUNTE Ib-
HO OTJIMYAETCS OT ero TEKYINEero NPUOJIMZKEeHHOIO 3HAYEHHs], CJIeJyeT [ePEONPEe/Ie/IUTh ITATOHHOE
O/IIPOCTPAHCTEO. )

2. BuruuciinTh BeJIUYMUHBL ¥, J=1,....,¢—1,¢g+1,....,n —m s cmezkHOrO basuca:
. — . 2
Vi =Y+ (&pi/Epa) Ve

3. Berancure Besmuumy 5, [yl CMeKHOIO Oasuca:

7q = /Yq/gzq .

*'B craTbe [8] BMeCTO BeIMHHH 7, HCHONB3YIOTCA CAMH HOPMBL 1) = /7, = | Az, ||, KoTopeie Xappuc masbiBaer
«tread» (aHrI. — mUpHHA XOH1A).

2’Dra cTpoKa TAKKE MCIOJIB3YeTcs JJis IePecuera OTHOCUTEILHBIX ONEHOK HeGA3HCHBIX IMEePeMEeHHBIX (CM. MOji-
paszx. 2.3).
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Bri6op Heba3uCHOIl 1epeMeHHOM (X ), BBIIOIHSIETCS 110 HpaBmity (3.32) aHAJIOIUYHO TOMY, Kak
9TO JIeIaeTcsl TIPU UCIIOJIb30BAHUK POEKIIMOHHOTO MeTo/a Haubosiee KpyToro pebpa. Havasibaoe
onpejiesierne (MHUIMAIU3AIMSI) U I€PEOIIPe/IeJIeHIe STaJOHHOIO [OIIPOCTPAHCTBA TAKYKE BBIIIOJI-
HSIIOTCSI QHAJIOTUIHBIM 00Pa30M.
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4 Bribop 6a3mcHOIT mepeMeHHOIt

B coorBeTcTBUN ¢ TPUHIUINATBLHON CXEMOM CUMILIEKC-METO/1a, MPUBEIEHHON B KOHIIEe Topa3d. 1.3,
Ha 1rare 3 TpebyeTcst OMpPeIeuTh Oy, — abCOIOTHYIO BeJIMINHY IIPUPAIIEHUs BIOpaHHOI Heba3mc-
HOI TIepeMentoit (Ty)y, M TeM caMbIM BeIGpaTh (mar 4) Gasuchyio nepemennyio (xg)p,2°% koropas
IIEPBOH NOCTUTAET CBOEH I'PAHUILI IIPA N3MEHCHUN (x N)q B gomycruMoM HatpasjeHuu. C reomerpu-
YEeCKOW TOYKM 3PeHHsi BHIOOD OA3MCHOI MepeMeHHOl IpejcTaBiseT coboil onpeenrenne rpann (ru-
[EPIJIOCKOCTH ), COOTBETCTBYONIEH (HUZKHEN 1in BepxHeil) rpanuie 6a3uCHOI IepeMeHHOl, KOTopast
(rpaHb) BCTpeYaeTcs MepBOil IIPH JIBUKEHUN BIOTH PeOpa MHOIOTPAHHOTO MHOXKECTBA JIOMYCTHMbIX
pemmenuit JIII-3aa1u, UCXOASIIEro U3 TEKYINeil BEPIIUHBI U COOTBETCTBYIOIIETO BBIOPAHHON HebHa-
3UCHOI [lepeMeHHOii, 1 KoTopasi (I'PaHb), TaKUM 06pa30M, OIPEessieT CMeXKHYIO0 BEPIIUHY, TJe Ta

I'PaHb CTaHOBUTCA aKTUBHBIM OI'DaAHUYICHUEM.

ﬂ;ﬂﬂ yYHupoliieHud U3JI02KeHUd BCIOAY B JaHHOM pa3J/iejie BMECTO I'DaHUIL IIepeMeHHbIX 06mero BU-
na l < x < wu (1.3) paccMaTpuBaeTcst TIPOCTEAIee YCIOBHE HEOTPHUIATEIBHOCTH MIePEMEHHBIX T > ()
(1. e. cayuait, korjga | = 0 u u = 400), 94TO, OJHAKO, HE BJIMsIET Ha OOI[HOCTD IIOJIyIaeMbIX PE3YJlb-

TSLTOB.27

B ykazsamnom mpocreiiieM ciiydae aKTHUBHON TpaHunieil BbIOpaHHON HeOA3WCHON ITepeMeHHOM
(:UN)q B TEKyIleM Oa3MCHOM PEIIeHUN MOYKET OBbITh TOJBKO €€ HUXKHASA HyJeBas IPaHUIla, M0ITO-
My u3 (1.18) crenyer, uto s = +1 u (xn)q = 0, T. e. 3HaYeHne BLIOpAHHO} HEOA3UCHOI ITEpEMEHHOIT
COBIIQJIAET C MApaMeTPOM JIyda, BJIOJb KOTOPOTO MPOUCXOJUT JiBUKeHue. 3apucumocThb (1.19) or-
JeabHON 6a3MCHOM ImepeMeHHO (m B)Z- oT f B 9TOM cCJiydae IPUHUMAET BU/I:

(xB)i = Bi + &igb, (4.1)

rae B; > 0 — 3nadenue (rp); B TeKylleM Oa3HCHOM pelIeHnH, &, — SJIEMEHT CHMILIEKC-Tab/INIIbI
(1.9). Tak Kak B paccMaTpUBaMOM CJIydae Ga3uCHBbIE IEPEMEHHBIE TaKyKe NMEIOT HyJleBble (HUXKHIE)
rpanutpl, To u3 (1.20) caemyer, uro (zp); MOXKET JOCTHYb CBOE HYJIEBON IDAHMIILI JIUIIb yObIBas,
T. e. Korja &g < 0, npu 0 = 60; > 0, rae

0; = —ﬁ. (4.2)
giq
CoorBercrBenHo, npaBuiio Bbibopa (1.21) 6asucHOIl epeMenHoi (£R), IPHHIMAET BUJI:
Omin = 0, = min 6. (4.3)

£iq<0

4.1 IIpobiiema BeayIiiero sjeMeHTa

Bedywuti anemernm — 310 sieMeHT &, TeKyIei cuminiekc-Tabnuist (1.9), cooTBeTCTBYIOMMIA BbI-
OpaHHbIM 6a3uCHOIl (T ), U HeOA3UCHON (XN ), HEPEMEHHBIM.

= -1 .
Bamernm BHaUae, 9T0 U3 =, = —B7'N, (2.16) ciaexyer:

BE,+ N, =0, (4.4)

*6TlockonbKy GasuCHBIE TIepeMeHHBIe COOTBETCTBYIOT CTPOKAM TeKyTTel cuMiLIexc-Tabmmpt (1.8), To mqanmyto ome-
PAIMIO YaCTO HA3BIBAIOT 6bL60POM CIMPOKU.

?"Tak xax JITI-3amagy (1.1)—(1.3) Beerma MoxkHO TpeoGpa3oBaTh K 3KkBHBajenTHo# JITI-3a71a9€ ¢ HEOTPHIATEb-
HBIMH [I6PEMEHHBIMU.
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WU B Pa3BEPHYTOM BHJIE:

m

Z Biiq + Ng =0, (4.5)

i=1
riae B; — i-it crosber Tekymieit 6a3ucHONl MaTpHIbI, &; — -i 3jeMeHT ¢-To (BeIyImero) crosba
TeKyIeil cuMILeKc-Tabunbl =g, Ny — cTosber; MaTpuibl KO3 UIUeHToB orpaHnYennii, cCooTBeT-
CTBYIONHil BEIOpaHHO! HeOa3MCHOI HepeMenHoil (2 ),. Basuchas mMarpuia s cMexkHOro 6aszuca
B nosyvaerca u3 MaTpuilbl B 3aMeHON CTOJL6L(a B, cronbnom Ng. Ilostomy ecim &,y = 0, TO U3
(4.5) caemyer, uro B 9TOM Ciydae CTOJONBI B Oy/yT JMHEHHO 3aBUCHMBIMU, a 3HAYUT, II€PEXOJ K
CMEeXKHOMY 0as3ucy OygeT HEBO3MOXKEH.

JIOTMYIHO OKMJIaTh, YTO UeM OJIMKe K HYJII0 OyJIeT BeIyIIuil 3JIEMEHT, TeM Xy2Ke OylieT o0ycaoB-
JleHa 6a3uCHasT MATPUIIA JIJIsT CMEXKHOTO 6a3nca, U TeM XyiKe OyIeT TOUHOCTh PEe3yIbTATOB OTePAITHT
FTRAN u BTRAN nj1a Takoit 6a3ucHOil MATPHUITEI. DTO MOATBEPXKAaeTcss (hopMyJIaMu mepeciera
9JIEMEHTOB CUMILTIEKC-TaO/IHIBI IPH IIepexojie K cmexkHoMy 6asucy (1.36) u (1.38) (cm. nogpass. 1.4):
ec/i BeJyluit aj1eMenT &p, OM30K K Hy/0, TO U3 &;; U d; OyJeT BLIMUTATbCA BeJIUYUHDBI ¢ 0O0JIb-
IIIAM TIOPSIIKOM, 9TO U3-32 OTPAHUYEHHON Pa3psIHOCTHA MOYKET MPUBECTH K YACTUIHON HJIH ITOJTHOM
HoTepe 3Ha4YAINNX (P B UCXOIHBIX BesIM4nHax &;; u d;.

IIpaxmura aunetinozo npoepamMmMupPosaHUA NOKA3bLEAEM, YMO NPU PEGAUSAUUL CUMNAEKC-MEMO-
da npobaema 6edyuLe20 INEMEHME ABAACMCA 2aa6encmeyowet. Ecan abcomoTHas BeJINInHA Be-
JIYIIIETO 3JIEMEHTA OKA3bIBAETCS HEIPUEMJIEMO MaJIOif, TO OOBIYHO 3TO HPUBOJMUT K CYIIECTBEHHOI
IIoTrepe TOYHOCTU BCE€X BBIYHUCJ/IZAEMBIX BEJIWYMH M, KaK CJIeJICTBUE, K YU CJICHHON HGYCTOﬁqHBOCTH
MEeTOJIA.

31ecb YMECTHO OTMETHUTD aHAJIOTHYHYIO IIPOOJIEMY, KOTOPasl BOSHUKAET IIPU PeasM3allui MeTo1a
nckmodennsa Laycca.?® Jlo Tex mop, moka Yuikuncon (J. H. Wilkinson) B cBoeit pa6ote [11] me 06-
paTu BHUMaHHE Ha DyHIAMEHTAJIBHYIO POJIb BBIOOpA BEIYIIETO SJIeMEHTa, CUUTAJIOCh, YTO METO]
HNCKJIIOYCHU A Faycca ABJIACTCA YHUCJICEHHO HEHAaJJAE2KHBIM W MOXKET IIPUMEHATHCA IJId IIPaKTHYIEeCKO-
IO peIleHnst CHCTEeM JIMIIb ¢ OYeHb MajbiM (He Gosee 10) wmcioM ypaBHEHUT U HEU3BECTHBIX. JTO
OBLJIO CBS3aHO C T€M, YTO HEYJIAUHLIN BLIOOD BEAYIIAX SJIEMEHTOB B IIPOIECCE UCKJIIOUEHUST OOBITHO
HIPUBOJIII K KATACTPOMUUIECKOIL II0Tepe TOYHOCTU U, KaK CJIEJICTBUE, K HEBEPHBIM Pe3yJIbTaTaM.

B orimune or Mmeroma uckiaodenus laycca, Ije MMeeTCs JOCTATOUHO OOJIibIas CBOOOIA BbI-
6opa BejyIIero sjeMeHTa (HAIPUMED, CPe JEMEHTOB BEJYIIEro CTOJIONA WM CPeJ BCEX e
MEHTOB aKTHUBHOI MOJMATPHUIIBI), BEIOOD GA3UCHON IepeMeHHOl moqunHen ycyosuio (4.3), Koropoe
NPAKTUIECKH CY¥KaeT CBOOOY BBIOOPA 0 €IUHCTBEHHOI'O JIEMEHTA, 38 UCKJIIOYCHUEM CJIy4aeB, KO-
[JIa HECKOJIbKO OA3MCHBIX MEPEMEHHBIX (Zp); OJHOBPEMEHHO, T. €. IPU OJHOM U TOM K€ 3HAYCHUU
0; = Omin (kak npasusio, upu i, = 0), JOCTUrAIOT CBOEN HyJIeBOi IDAHUIIbL.

ITockombKy BBIOOP pHEMJIEMOTO MO abCOIIOTHON BEIUYUNHE BEIYINEro 3JIEeMEHTa NUMeeT IPUHITH-
[MMaJIbHOE 3HAYEHHUE I YUCIEHHON YyCTOMYIMBOCTH CUMILIEKC-METO/IA, TO JOJKHBI OBITH IIPEyCMOT-
PEHBI MepbI, MO3BOJIAIONINE YBEJMIUTh cBOOOMY BhiOOpa. K Takum mMepam MOXKHO OTHECTH:

ocyabienne ycaosus (4.3) 3a cIeT paspelrenns: He3HAUNTEILHOTO (B IIpe/iesiax JOIyCKa) BBIXOA
3HaYEHUIl GA3UCHBIX [IEPEMEHBIX 33 IIPEJIe/Ibl CBOMX I'DAHMIL;

ocjiabJieHne TPAHUI] TIEPEMEHHBIX;

BBIOOD JPYTOil MOAXO/IsIIell HeOA3UCHON epeMeHHOI (T )y

2 "
®Tlepecuer cummieKc-Tabmmb! 1o hopMysIaM U3 MoApas . 1.4 Mo CyImecTBy IPeICTaBIAeT COBOi O Iar MeToIa
nckiouenus: Laycca—2Kopnana.
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(BeposiTHo, mocsteisist BOSMOYKHOCTD, aHAJOIMYIHAS TaACTUIHOMY BBIOODY BEJLYIIErO JIEMEHTa B
MeToJle MCKJIIovYeHns [aycca, saBisiercss Haubosiee ajgekBarHoi. OIHAKO B ciIydae MOIUQPUIINPOBaH-
HOT'O CHMILIEKC-METO/I& €€ MCIIOJIb30BaHNe 3aTPYIHSIETCST TEM, UTO JIJIST 3TON0 MOXKET IIOTPeOOBATHCS
IIPOCMOTP OOJILIIOTO YMCJIa CTOJIOIOB CHUMILIEKC-TAO/INIIbI, 8 3HAYNT, BBIIOJHEHNE OOJILIIONO YUC/Ia
onepanuiit FTRAN, HeoGX0UMBIX 7151 BBIYUCJIEHUS STUX CTOJIOIOB. )

4.2 «CraspgapTHblii» MeTO

«Cmandapmmovitis memod BeiGopa GasucHON nepemenHoii (textbook ratio test) coorsercTBYeT OyK-
BaJIbHOMY cjiejoBaHuio dopmymnam (4.2) n (4.3) (puc. 4.1).

«CTAHIAPTHBIN» METO/T,
/* BHauase HUUEro He BeIGpaHO */
p:=0, Opin = 00;
/* ocuoBHoIt Tk */
fori:=1,...,m do
if &, <0 then
/* (xp); yobiBaer npu Bospacranuu 6 */
0; == —Pi/&ig;
/* (zp); mocruraer myns upu 6 = 0; */
if O, > 0; then
D=1, Omin := 0;;
end if
end if
end for
if p =0 then STOP; /* &, > 0 myst Bcex ¢ */

Puc. 4.1. «CrapnaprHbiii> MeTo BhIOOpa 6a3MCHOM ITepeMEHHOIA.

B ycmoBusx npubIn:KeHHBIX BBIUUCIEHUN UCIIOIB30BaHNE «CTAHIAPTHOIO» MeTOJa BhIOOpa Oa-
3UCHOI IEPEMEHHOM COIMPOBOXKIACTCS CJIEIYIONUMA ITPODIEeMAMT.

1. Henpuemaemuiii sedywuti anemerm. Bo3aMoKHOCTDH BbIOOpa 60Jiee TOJXOMISINETO BEIyIIEro
3JIEMEHTA UMEEeTCsI TOJIBKO B cirydae, Korda 0; = Oy sl HECKOJTBKUX OA3UCHBIX [T€PEMEHHBIX.

2. Bupootcdenrnoe pewenue. BasucHoe perneHne siBSIETCS BBIPOXKIEHHBIM, €CJIA JIJIsT OJIHON WJIn
HECKOJIbKMX Oa3UCHBIX IIEPEMEHHBIX nMmeeT MecTo 6; = Oni, = 0. Kak yxe 6bLI10 oTMedeHO paHee,
3TO 3aMeJ|JIsIeT CXOAUMOCTb W MOXKET IIPUBECTHU K 3AIUKINBAHUIO CUMILIEKC-METO/IA.

3. Hapywenrue epanuy. Tak Kak BEKTOP 3HAYEHNN OA3UCHBIX IEPEMEHHBIX B TEKYIIEM 0a3MCHOM
pemiennn 3 = (f3;) BblUUC/IsieTcs: IPUOJIMIKEHHO, TO [IPH TIEPEXOJIe K 0YEePEIHOMY CMEXKHOMY Oasucy
MOXKET CIIYUUThCsI, 9T0 [; < 0 Jist OJIHO# Wi HECKOJIbKUX OA3MCHBIX [IePEMEeHHbBIX, T. €. (HyJIeBble)
IPaHUIBl COOTBETCTBYIOMNX OA3UCHBIX ITEPEMEHHBIX MOI'YT OKa3aTbhbCs HapylleHHbIME. Jlaxke ecim
HapYIIeHNe IPAHUIb] SIBJISETCS HEe3HAYUTEIbHBIM (B IIpeJeiaxX JIOIYCKa ), HeJlb3sl CKa3aTh, HapyIIe-
Ha JI IPaHUIla B JIEHCTBUTEILHOCTH WJIM HET, TaK KaK TOYHbIe 3HadeHus (; He m3BecTHBI. OmTHAKO
B JIIOOOM CJIyvae IIPHU UCIOJIB30BAHUU «CTAHIAPTHOIO» MeTOoj1a BBIOOpa 0a3WMCHOI mepeMeHHoil Oy-
JeT UMeTb MeCTO fpnin, < 0, T. e. B cMeKHOM Gasuce BbIOpaHHAsI epeMeHHast (TN ), U3MEHHTCS B
HEJIOIYCTHMOM HalpaBieHUn (yMEHbBIINTCs), & 3HAYUT, TaKyKe OyJeT HapyIIaTbh CBOK (HYJIEBYIO)
IPAHMUILY.
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V/IVUIIEHHBIN «CTAHIAPTHDBI> METO/I
/* BHauase HUUEro He BeIGpaHO */
p:=0, Opin 1= 00;
/* ocuoBHO#t Tk */
fori:=1,...,m do
if 8; < —d;1 then
STOP; /* upeamepHoe HapyllleHUe TPAHUIBL ¥/
else if 3; < +¢ then

Bi == 0;
elsg

Bi == Bi;
end if

if &g < —€ /* [&ig| > € ¥/ then
/* (zB); yowiBaeT npu Bozpactanuu 6 */
0; := —Bi/&ig;
/* (xp); mocruraer Hysst upu 0 = 6; */
if Oin > 0; OR (Omin = 0; AND [€p4| < |&iq|) then
b= 2.7 emin = 01;
end if
end if
end for
if p = 0 then STOP; /* &, > —e must Bcex @ */

Puc. 4.2, Yaydimennblit «cTanapTHBI» METO/I.

C y4eToM BBIIIEU3JI0KEHHOIO «CTAHJAPTHBI» METO/] MOXKHO HECKOJILKO YJIyHIIUTh CJIELyIOIIM
obpaszom (puc. 4.2).

1. Ilepen BBIIOJHEHNEM OYepPEIHON HTEpPALMH BBIIOJIHITH IIPOBEPKY, UTO [; > —01 IJIs BCEX
0a3UCHBIX IIEPEMEHHBIX, T. €. 9TO TeKyIllee OA3MCHOE PEIeHHe SABJIAETCs JIOMYCTUMBIM B IIpejeiax
3aJlaHHOro Jomycka 601 > 0 (mampumep, 1y 6 = 10_8). Ecim ke ykazamnoe ycjioBre HapyIIaeTcs,
TO CJIeJyeT IPEKPATUTD ITIOMCK ONTUMAJILHOIO PEIIeHNs U IEPERTH K IIOUCKY TOIIYCTHMOTO 6a3MCHOIO
pelenust /it BOCCTAHOBJIEHUS JTOIYCTUMOCTH Oas3uca.

2. Ecm (=91 <)Bi < 0, TO eIMHCTBEHHBIIT BBIXO/] B PAMKAX «CTaHIAPTHOTO» CHMILIEKC-METOIa —
CYUTATh, YTO TOYHOE 3HAYEHHE [3; B 9TOM CJIydae paBHO HYJIIO.

3. Ecim 5; < 44 (manpumep, jyist 6 = 10’9), TO II0 AHAJIOTUU C IPEIbIIYIINM IIyHKTOM MOXKHO
CYUTATDH, YTO TOYHOE 3HAUEHUE [3; B 9TOM CJIydae TAKKe PABHO HYJIIO. DTO IMO3BOJISET UCKYCCTBEHHO
YBEJIUYIUTH BBIPOXKJICHHOCTH DA3MCHOIO PEIIeHUs U TeM CAMBIM PaCIIUPUTL CBOOOJY BBIOOpA BeILy-
IIIETO JJIEMEHTA.

4. Ecrn |€44| < € (manpumep, myis € = 10710), 1. e. ecom siement cuMIieKc-TabHIBI ABIETCH
OYeHb MAaJIbIM 110 aDCOJIIOTHON BeJIMYKMHE, TO CUUTATh, YTO B 3ToM ciydae &g = 0, T. e. uTo Gasuc-
Hasl IepeMeHHast (£p); He 3aBHCHT OT BBIODAHHOII HeOA3UCHOI IepeMeHHol (TN )q. (3amernm, 4T0
€CJI TOYHOE 3HadeHne {;; Ha CaMOM Jejie OTIIMIHO OT HyJIs, TO HMPOIyCK (Zp); MOXKET HPHBECTH K
HAPYIICHUIO I'PAHUIIBI ITON MMEePEeMEHHOi B CMeKHOM baswuce. )

Ucnionp3oBanue yJIydIeHHOIO «CTAHJIAPTHOIO» MeTO/a BBIOOpa 0A3UCHON ITEPEMEHHOI O3B0~
JIIeT JaCTUYIHO PA3PEIIUTD MPOOIEeMy BEIYIIEro JIEMEHTA, & TaKxKe IIPo0/IeMy HapyIIeHUsT TPAHUIL
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(ecsi 970 HApYIIIEHNE HE MPEBBIIACT 33/ IAHHOTO JIOIYCKa). TeM He MeHee YTy dIIeHHbI MeTO/| UMeeT
P HEJIOCTATKOB.

O/vH U3 HEeIOCTATKOB CBSI3aH C BHIOOPOM JIOIYCKA £ HA BEJYIIHMI 3JIeMEeHT. 3aJIaHue CJIUITKOM
MaJIOr'o JIOIYCKa MOKeT IIPUBECTH K BBIOOPY Oa3MCHOM epeMeHHOM, /1jI KOTOPOI BeIyIIui 97 1eMeHT
ABJIAETCA HeIIpueMJieMO MaJIbIM I10 a6CO.HIOTHOI71 BeJImduHe, a CJIUIIKOM 60.}113]_[101'71 JOIIYCK MO2KET
[IPUBECTHU K IPOIYCKY HEKOTOPBIX OA3MCHBIX [IEPEMEHHBIX U, KAaK CJIEJICTBUE, K HAPYIIEHUIO JIOIY-
CTUMOCTHU PEIIEHUsI JJIsi CMEXKHOro bas3uca.

Jlpyroii HeOCTATOK CBSI3aH ¢ BBIOOPOM JIOIYCKa O JJIsl CO3JaHUST NCKYCCTBEHHON BBIPOXKJIEHHO-
ctu b6azucHoro perenusi. CIIUITKOM MaJIbIil JOIYCK YMEHBITAET CBODOY BBIOOpA, UTO MOXKET MPH-
BECTHU K BBIOOPY 06a3MCHOI epeMeHHO ¢ HeIIPUeMJIeMO MAaJIBIM 110 aDCOJIIOTHON BEJINYUHE BEIYIIAM
aseMeHTOM. Ecim ke yKa3aHHBIH JOMYCK B3SATh CJIMIIKOM OOJIBIIIMM W JIJIsi BHIOpAHHON Oa3uCcHON
nepeMennoit (rg), Oymer mmers Mecto 0 < [,(< J), To dakTHUIECKOE HEHyJIeBOE M3MEHEHHE IIa-
pamerpa Jay4da Omin = —Fp/Epg > 0 MOXKET IPHUBECTH K TOMY, YTO KaKas-JIHOO Jpyras Oa3uCHasI
nepeMeHHas ()i, KOTOpast IMEeT JOCTATOYHO OOJIBINOf OTpUIATEIbHBINH Koabdunuent &g u st
KOTOpOit [3; > § (BciieicTBHE Yero 9Ta lepeMeHHas He MOXKeT ObIThb BbIOpAHA), HOJLyUUT CJUIIKOM
0OJIBIIIOE OTPUIIATEIBHOE TPUPAIIEHUE U TIO3TOMY HAPYIIUT CBOIO HYJEBYIO 'DAHUIY B CMEXKHOM
0a3MCHOM PEIeHNN CBEPX PA3PEIIeHHOrO JIOMyCKa.

4.3 Meroa Xappuc

O/1Ha U3 OCHOBHBIX IIPOOJIEM, KOTOPasi BOSHIKAET IIPU BbIOOPE OA3MCHOM TePEMEHHO COCTOUT B TOM,
4TO BbIOpaHHas 6a3ucHasi HepeMeHHas (ZR), UMeeT HelIpHeMIeMo MaJiblii Koadduruent (Bemymumii
9J1eMeHT) &g, OTHAKO BBIOOD APYTOil Goslee MOIXOsAMIeil Ga3NCHOI TepeMeHHOM «OIOKHPYeTCsl» Hy-
JIEBBIM MJIH CJIMIIKOM OJIM3KHM K HyJIIO 3HadeHueM (3, B TekymieM 6asuce. [Ipumepom MoKeT CiryKHTh
CTIEIYIOIAsT CUTYAIINSI:

(zp)1 = —1.0000000 - 6 + 1.0
(z5)2 = —0.0000001 - § + 0.0000000999

B manmowm ciydae 01 = 1 u 69 = 0.999, mosromy 0,5, = 0. Eciin ciienoBaTh «CcTaHIapTHOMY» METO-
JLY, TO MOXKHO BBIOPATB TOJIBKO (X )2, X0Tst BBIOOD (2 5)1 6bLI ObI ropas o 6os1ee Ipe oI THTe I bHBIM
C TOYKU 3PEHUsT BEJIMIUHDBI BEIYIIETO DJIEMEHTA.

HpaKTI/IKa JMHENHOTO OporpaMMuUpOBaHUsd ITIOKA3bIBAECT, YTO OYCHb YaCTO pPeaJIbHbIE ﬂH—Baﬂa‘IH
NMEIOT BBIPOZKJICHHBIC MJIN ITOYTH BBIPDO2KJ/ICHHbIC Oa3ucHbIe penienusa, rje TEKYIIUue 3HaYCHUA B’L
HEKOTOPbIX 0a3UCHBIX INEePEMEHHBIX OKa3bIBAIOTCA OJIMBKUMHU K HYJITO. HpI/I 9TOM YKa3aHHbIC SHaYCHU A
MOr'yT HEMHOTI'O (B npegesrax ILOHyCKa) HapyHmiaTb HYJIEBbIE I'DAHUIIBI COOTBETCTBYIOIIUX 0a3UCHBIX
IIE€PEMEHHBIX, YTO ABJIAETCA HOpMaHbHOfI CHTyaHHeﬁ B YCJIOBUAX HpI/I6JII/I}KeHHI>IX BBIUHCJIEHUIA.

B cBoeii crarwe (8] T1. Xappuc (P. M. J. Harris) npe/jiozkuia UCIOIb30BaTh YKa3aHHOE HAPYIIIe-
HUe TPAHUI] KOHCTPYKTHUBHBIM 00pa30M, ITOOBI YBEJIUIUTL CBOOOILY BBIOOpA W TeM CaMbIM obecire-
YUTH BBIOOP OA3MCHOI MTEPEMEHHOI ¢ 00JIee TTOMXOMAIUM BEIY MM 3JIEMEHTOM.

IIpumenuTebHO K PACCMOTPEHHOMY BBINIE IIPUMEPY HJiess XapPUC COCTOUT B TOM, UTOOBI IpU
nmocrmzkennn 0 Bemaunbl Oy = 0.999, Korjma (xp)2 HMEpBO JOCTUTAET CBOEH HYJIEBOI I'DAHHUIHI,
npodosstcums ysesmdenue 6 no Bemunnbl 1 = 1, Korga cBoeil HysieBoil rpaHutpl JocTurHer (rp)1
¢ mpuemiaeMbiM Kodddurmentom. [TousitHo, 9T0 9TO MpHUBEIET K BBIXOAY (TpB)2 B HEJOMYCTHUMYIO
(oTpunaTesibHy0) 061aCTh, OHAKO, MOCKOJIBKY COOTBETCTBYIONMN KOIMDMUIMEHT OYeHb MaJ, TO U
HapyIIeHre TPAHnTB ToxkKe OyieT ouenb Masé (a mvernno, —0.0000001 + 0.0000000999 ~ 10~10).
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METO/I XAPPUC
/* mepspIit mpocMoTp */
Omin := 003
fori:=1,...,m do
if 62 < —671 then
STOP; /* upesameproe HapyieHre rpaHuIbl */
else if §; <0 then

Bi = 0;
els~e

Bi = Bi;
end if

if §ig < —¢ /* ’f’iq‘ > ¢ */ then
/* (zp)i ybwiBaeT npu Bozpactanuu 0 */
0; := —(Bi +0)/&igs B
/* (zB)i nocruraer (—J) npu 0 = 0; */
emin = min(emina ez)a
end if
end for
if Oinin = oo then STOP; /* &y > —e mus Beex @ */
/* BrOpoit mpocmoTp */
p:=0;
fori:=1,...,m do
if €y < —= /* [y > ¢ ¥/ then
/* (xp); yobiBaer npu Bo3pacranuu 6 */
0; == —PBi/&iq;
/* (zB); nocruraer wyna npu 6 = 6; */
if 6; < Omin AND (p =0 OR |£p4] < |€ig|) then
pi=1
end if
end if
end for
assert p # 0;

Puc. 4.3. Meron Xappuc Beibopa 6a3uCHOI ITepeMeHHOI].

Meton Xappuc (puc. 4.3) cOCTOUT U3 BYX 3TANOB (MPOCMOTPOB CIHCKa Ha3UCHBIX MEPEMEHHBIX).
Ha niepsoM 3rare onpejiessieTcst BeJInInHa Oy, , KOTOPasi, B OTJIMYHE OT «CTAHIAPTHOIO» MeToJIa (CM.
nozpas. 4.2), onpenessieTcst He I NCXOHBIX HYJIEBBIX IPAHUI] OA3MCHBIX IepeMeHHbIX (z3); > 0,
a J71s 0CTabJIeHHBIX TPanut (r5); > —0, e § > 0 — 3a1aHHBIH JOMYCK Ha HAPYTICHHE MPAHAI]. DTO
o3HagaeT, 9To JJist 0 < Oniy BBIXO 3HAUEHUN OA3MCHBIX IIEPEMEHHBIX 38 HYJIEBYIO 'PAHUILY HE MOXKET
IPEBLICUTDL 3aJaHHOrO JIOIyCcKa 0. Ha BTOpPOM 3Talle BBLIIOJIHSETCS BLIOOD Oa3MCHOI IepeMeHHOM
(xB)p, AT KOTOPOIt

[€pal = max _ |&igl, (4.6)
£iq<0, 6;<0min
rae 0; = —f; /&y — BenumunHa HapaMeTpa Jiyda @, IpH KOTOPOM IlepeMeHHast (T ); JOCTUraeT CBOeil
UCXOJIHOIT HY/1eBOI (He 0cs1abJIeHHOfT) IPaHUIIbI.

IlorsaTHO, 9TO BCAEACTBHE OCIAbIEHUS T'PAHUI] DA3UCHBIX IIEPEMEHHBIX MMEET MECTO HepaBeH-
cTBO Opmin = Omin, Ta€ Opin — MakcuMaJjbHOE IPHUpAIleHHe IapaMeTpa Jiyda, KOTopoe ObLIO Obl
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OIIPE/ICJIEHO «CTAHIAPTHBIM» METOJOM JIJIsI HCXOHBIX HYJIEBBIX (HEOCTaOI€HHBIX) TPAHUIL OA3UCHBIX
nepeMeHHbIX. TakuM oOpa3oM, B MeTojie Xappuc IOsBJISIETCsT JOTOJHUTEIbHAS CBOOOIA, KOTOPYIO
MOKHO WCIIOJIb30BaTh JIJIs1 BBIOOpA Oa3WMCHOI IepeMeHHO ¢ Hambosee MOAXOMAIUM (MaKCHMAJIb-
HBIM 110 abCOJIIOTHOM Bestmanne) Kodddunuenrom &y, B coorsercrsuu ¢ yciaosueM (4.6). I[Ipu srom,
HOCKOJIBEKY ), < 5mm, BBIXOJI, 3HAUEHUI OA3UCHBIX IIEPEMEHHBIX 3a MPEE/Ibl UX HYJIEBLIX I'DAHUI] B
CMEXKHOM 0a3uce He IPEBLICUT BEJIUYUHBI JTOIIYCKa 0.

Wnest Xappuc ocHOBaHa Ha HESIBHOM IIPEJIIIOJIOKEHNN, 9TO B TEKYIIIEM ODA3MCHOM pPelIeHnH 6a3mc-
Hble [IepeMeHHble He HapyIIaloT cBoux rpaHul. OJHAKO MOXKeT CJIyduThCs (XOTs Obl B pesysbrare
OPUMEHEHHsI CAMOrO MeTo/[a Xappuc), 4To (B Ipejesiax JIOMYCKa) TaKoe HapyIIeHHEe UMEET MeCTO.
B stom caywgae, 1. e. ecim (61 <)B; < 0 m &g < 0 xorst ObI JyIst OfHOI Ga3MCHOI IIepeMeHHOM
(zp);, Xappuc [8] nupennaraer 6parsb gmin = 0. C apyroii cTopoHBI, KaK y»Ke ObLIO OTMEYEHO B
MPeabIAYINEeM Ioapas/ieiie, HeOoIbIIoe HAPYIIeHHe IPAHUIIBI MOXKET OBITh 00yCIOBJIEHO OIMMOKAME
OKPYIJIEHUSI, TI0O9TOMY C HMPAKTHUIECKON TOUYKM 3PEHUsT UMeeTCsl OOJIbIE OCHOBAHUII CUNTATH, UTO B
ciaydae [; < 0 «rounHoe» 3HavdeHue [3; paBHO HyJO. Takoe m3MeHEHHE 110 CPABHEHHUIO C OPUIMHAJIb-
HBIM MeTOoJIoM Xappuc (0TpazkenHoe Ha puc. 4.3) aet 66/1bITy10 cBOGOLY BHIGOPA, TIOCKOILKY B 3TOM
caydae Bcerga mMeeT MecTo Oy, > 0. [Ipu 5T70M MOXKHO 0XKHJIATH, YTO BO3MOYKHOE JIOTOJTHUTEIHHOE
HapyIIeHne TPaHUIL BCe XKe OyJIeT 0CTaBaThCs B IIPEJIEIaX Pa3peleHHoro Jomycka, TeM 60Jjiee, 9To Ha
[TOCJIEIYIONIUX UTEPALNAX HEKOTOPble ODA3MCHBIE IIEPEMEHHBIE, HAPYIIAIOIINE CBOM IPAHUILI, MOL'YT
BO3PACTH U TE€M CAMBIM yMEHBIIUTH ODIIYI0 CTElleHh HAPYIIIEHUs] TPAHUIL.

B zaksiodenne orMeruM, 9TO €CIM METOJN XapPPHUC IPUBOJUT K BBIOOPY OA3UCHON IEPEMEHHOM,
OTJIMYHOI OT TOH, KoTOpas ObLIa ObI BEIOPAHA € UCIIOJIB30BAHUEM «CTAHJIAPTHOTO» METOJA, TO STOT
BBIOOD BCErJ[a COOTBETCTBYET GOJIBINIEMY IIPUPAIIEHIIO ITapaMeTpa Jiyda ), 9To CyIecTBeHHO ¢ TOUKH
3peHUsl TPEeJIOTBPAIIECHNUST 3AIMKIMBAHNS CUMILIEKC-METOo/[a, 1 Oosiee mojxosiiemy (6oJbImemy mo
abCOJIIOTHON BeJIMYHMHE) BEJYIIEMY SJIEMEHTY &pg, UTO CYIIECTBEHHO C TOYKH 3PEHHSI INCIEHHON
YCTOHYUBOCTHU.
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5 OrTbIcKaHUEe HAYAJIBHOTO JIOYCTUMOTIO Oa3uca

B obrmiem cityvuae MoKHO cuuTaTh, UTO 1ipu pernennn JI11-3a1a1n nmMeeTcss HEKOTOPBI HAYAIbHBII Oa-
3UC, ONPEIEJIAIONTNI HavYa/IbHOE Oa3ucHOe perienue. /[y mpuMeHeHns CUMILIEKC-METO/1a 9TOT 6a3uc
JIOJTKEH OBITH JOMYCTUMBIM, TIOSTOMY €CJIH HAYAILHBIH 6A3UC He SBISETCS JOMYCTUMBIM, BOSHUKAET
mpobyieMa OTBICKAHUS HAYAJIBHOTO JIOIYCTUMOTO HA3UCA.

[IpakTuaecknit mOAX0 K PEIIEHUIO YKA3AHHOW ITPOOJIEMBI COCTOUT B IPUMEHEHUU CHUMILIEKC-
MEeTOJIa JJIsi OTBICKAHUS ONTUMAJIBHOIO 0a3uca HEKOTOPO ecnomozamenvrot JIII-3adavwu, 3Hast Ko-
TOPBI MOXKHO ITOCTPOUTH JOIYCTUMBIN Oaszuc mcxomanoit JIII-3amaum n 3aTeM UCIOIB30BATL €0 B
KaveCTBe HAYAJIHLHOTO. TaKyio TEXHUKY OOBIYHO HA3ZBIBAIOT J8YTIMANHHM CUMNAEKC-MEMOJOM, TIIE
IEPBBINA 3TAIl COOTBETCTBYET PEIICHUIO BCIIOMOTATEJIbHON 3a7a41, a BTOPOH — PEIIeHUI0 OCHOBHOM
(ucxomHOIT) 3ama9m.

BameruM, 4To (hOPMUPOBAHKE HAYAJIBHOIO (He 06s13aTesIbHO JIOMYCTUMOr0) ba3uca Jjisi IepBoro
drara IpejcTaBIsgeT co0Ol CAMOCTOATENHHYIO IPODJIeMy, KOTOPas 3/IeCh HE PACCMATPUBAETCH.

5.1 OrpaHuydeHusi B cTaHJjapTHoM ¢opmare

Ob6parumcest BHaUYaJIe K HanboJiee TPOCTOMY CJIydaro, Korja cucreMa orpannyenuit JII1-3agaun nmeer
CTaHIapTHBI hopMaT, T. €. BMECTO TpaHuIl obmiero Buja (1.3) 3aJaHbl yeaIoBUs HEOTPUIATETBHOCTH
IepeMeHHbIX. B 9TOM cilydae JomycTUMbIM 6a3UCHBIM PEIlIeHreM OyIeT J1I0060e HeoTpurareabHoe Ha-
3HCHOE pertenne cucteMbl paBeHcTs (1.2). Takum o6paszom, Ham TpebyeTcst HallTH 6a3MCHOE PEIIeHne,
VIOBJIETBOPSIONIEE CACIYIOMINM YCIOBUSIM:

Az =0 (5.1)
z>0 (5.2)

PaCCMOTpI/IM BCIIOMOTr'aTeJIbHY IO JIH—Sa,Z[a‘Iy, TaK2Ke IIpeJACTaBJICHHYIO B CTaHIAapPTHOM (bopMaTe:

=17y = Zyl — min (5.3)
Az+y=0b (5.4)
z,y >0 (5.5)

29 7 Benomora-

rie y = (¥;) — BEKTODP 8CNOMO2GMENLHBIT TIEPEMEHHBIX, IMEOIINX CMbICIT HEGA30K,
TesibHAsT 1esieBast QYHKIA, IPEeICTABIISIONAast COO0i cymmy Heea3ok. KITloueBbIM SIBIISETCS CIIe/y-
foITlee CBOMCTBO JaHHOM BeroMmorarenbrol JITI-3amatn. I1peamomoxkumM, 9To NCXOIHAST CCTEMA Orpa-
amaenuii (5.1)—(5.2) nmeer gomycrumoe perrenue. Torma, BKIIIOUast B 9TO PeIlleHne Hy/IeBble HEBI3KH
Yi, Mbl IIOJIYIUM OITUMAaAJIBHOE DEIIeHNE BCIIOMOTr'aTeJIbHOM I[H—Sa,ILaLH/I, ITOCKOJIBKY CYMMa HEBA30K
Z, OyJIy<H CyMMOIH HEOTPHIATENbLHBIX [EePEMEHHbIX, He MOXKeT ObITh MeHblne Hy/sd. V1 maobopor,
ecJIM y HAC MMeeTcsi Kakoe-imbo olTuMalIbHoe perenne BeriomoraresnbHoii JIII-3amaun (5.3)—(5.5),
B KOTOPOM CyMMa HEBSI30K Z PaBHA HYJIIO, TO MCKJIOYAs U3 ITOrO PEIeHHs] HEBS3KU Y;, KOTOPBIE
Oy/lyT paBHBI HyJIIO, TaK KaK MX CyMMa DaBHA HYJIIO, Mbl IIOJYYIHM JIOIYCTHMOE PEIIEHHE HCXOJI-

HOi1 cucrembl orpanndenuii. CjegoBaTe/IbHO, MHOXKECTBO JOIIYCTHMBIX PEIeHN NCXOTHON CHCTEMBI

29Tak kak i-e PaBEHCTBO BCIIOMOTATEILHON 3a/Ia9u UMeeT BT E aikTk + yi = bi, TO y; eCTb pasHoCcTh (HEBsA3Ka)

k
MEXK/Ty TIPABOW W JIEBOI YACTSMH COOTBETCTBYIOMIErO UCXOMHOTO paBeHcTBa (5.1).
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orpamnmdenuii (5.1)—(5.2) coBmaaeT ¢ MHOXKECTBOM ONTHUMAJILHBIX pertenuii Bcrromoraressioit JITT-
sagaun (5.3)—(5.5), B KOTOPBIX CyMMa HEBSI30K Z PABHA HYJII0. DTO O3HAYAET, UTO JIJIsl OTHICKAHMUSI
JIOILYCTUMOTO PEIIeHUs] UCXO/HON CHCTeMbI OrPAaHNYIEHH JOCTATOUHO HAWTH ONTUMAJIBHOE DellleHre
BeromoraresibHoit JITT-3aaun. 3ameTnM TakKe, 9TO €CM MUHEMAJIbHASI CYMMa HEBSI30K 2 OKa3bl-
BaeTCH IIOJIOKUATEJILHOM, & He HyJIeBOIl, TO NCXOAHasd CUCTEeMa OIPAHUYCHUN ABJIAETC HECOBMECTHOMI
(He mMeeT JIOIMYCTUMBIX PelleHwuil).

Benomorarenbhast 3agaua (5.3)—(5.5) siBisiercst 3ajadeil JMHEHHOTO IIPOrpAMMUPOBAHUSI, 110-
STOMY JJIsl €€ PeIlleHnsI MOYKHO HCIIOJIb30BaTh CUMILIEKC-MeTos. IIpuMedaresbHo, 4TO JUIst JaHHOM
BCIIOMOraTeJIbHOI 3aJladil BCerja MOXKHO yKa3aTb HadasIbHBIA JOIIyCTHMBII 06a3uc, IOITOMY IIPO-
6/1eMa OTBICKaHWsI TAKOro Gasuca He BO3HUKaeT. B 9ToM HavdasibHOM 6asuce xp = y (6asucHbIMU
SIBJISIIOTCST BCIIOMOTTEJIbHBIE [ICPEMEHHBIC-HEBSI3KN) U T = & (HEOA3UCHBIMHE SIBJISIIOTCS HCXO/IHBIC
nepemennble). [10cKoJIbKY HEGA3UCHBIE MIEpEMEHHbIEe HAXO/ATCs Ha CBOUX AKTHBHBIX HYJIEBBIX I'Da-
HUI[AX, TO 3HAUEHNsI OA3UCHBIX I€PEMEHHLIX Y = (Y;) B TaKOM 0Oa3MCHOM pelleHny OyayT pPaBHBI
b = (b;). Bes orpannyenust o6IHOCTH MOXKHO cauTaTh, 9To b = (b;) > 0, T. €. YTO BCe IpaBble YacTu
pasencts (5.1) HeorpuiaTesabHbl (B ciaydae b; < 0 JOCTATOMHO yMHOXKHUTH 00€ JacTH i-I'0 PABEHCTBA
Ha —1), Ho3TOMY yKasaHHOE Ga3UCHOE PellleHne OyJIeT JIOYCTUMBIM, a 3HAYHUT, €0 MOXKHO HCIIOJIb-
30BaTh B KaUeCTBE HAYAIHHOIO Oa3uca IIPU PEMIEHHN BCIIOMOTaTeIbHOMN 38184l CUMILIEKC-METOJIOM.

I[TpeoozKM, 9TO Mbl HAILINA ONTHMAaJbHOE GasucHoe pelnenne Beriomorareabroii JIII-3amaun
(5.3)—(5.5), B KOTOPOM CyMMa HEBsSI30K Z, a 3HAYWUT, M BCE OT/EbHbIE HEBSI3KHU Y; PABHBI HYJIIO.
Yr06bI 1epeiiTu K JonycTuMoMy 6a3suCHOMY PEIIEHHIO HCXO/HOM cucreMbl orpanndenuii (5.1)—(5.2)
MBI JIOJIZKHBI UCK/IIOYUTH U3 ONTUMAJIBHOIO GA3UCHOTO perreHns Beromorarenbroit JITT-3amaqm Bee
BCIIOMOTATEJIbHbIE [EPEMEHHBIE ¥;, TTOCKOJIbKY UX HET B MCXOJHOI cucTeMme orpanmdenuii. B Tom
ciydae, KOLJ